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ENGINEERING MEHANICS

Chapter-01: Fundamentals of Engineering Mechanics

1.1 Fundamentals

Science: It may be defined as the growth of ideas through observation and
experimentation.

Applied Science: The branch of science, which co-ordinates the research work, for
practical utility and services of the mankind (by employing observation and
experimentation), 1s known as Applied Science.

Engineering Mechanics: It deals with the laws and principles of Mechanics, along
with their applications to engineering problems.

(Engg. Mechanics)

Dynamics

Kinematics

Statics: It deals with the forces and their effects, while acting upon the bodies at rest.

Dynamics: It deals with the forces-and their effects, while acting upon the bodies in
motion.

Kinetics: It deals with the bodies in motion due to the application of forces.

Kinematics: It deals with the bodies in motion, without any reference to the forces
which are responsible for the motion.

Rigid Bodies: A rigid body consists of a system of innumerable particles. If the
positions of its various particles remain fixed, relative to one another (or in other
words, distance between any two of its particles remain constant), it is called a solid
or rigid body.

Mass: The quantity of the matter possessed by a body is called mass. The mass of a
body cannot change unless the body is damaged and part of it is physically separated.
It 1s a measure of an object's resistance to acceleration (a change in its state of
motion) when a force is applied and is a property of a physical body.

Weight: The weight of an object is usually taken to be the force on the object due to
gravity.
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Length: Length is the most extended dimension of an object. (The measurement or
extent of something from end to end; the greater of two or the greatest of three
dimensions of an object). It is a concept to measure linear distances.

Time: Time is the measure of succession of events. Time is the indefinite continued
progress of existence and events that occur in apparently irreversible succession from
the past through the present to the future. The successive event selected is the
rotation of earth about its own axis and this is called a day.

Displacement: It is defined as the distance moved by a body/particle in the specified
direction.

Velocity: The rate of change of displacement with respect to time is defined as
velocity.

Acceleration: It is the rate of change of velocity with respect to time.

Momentum: The product of mass and velocity is called momentum. Thus
Momentum = Mass % Velocity.

Unit:

A unit of measurement is a definite magnitude of a quantity, defined and adopted by
convention or by law that is used as a standard for measurement of the same quantity.
Any other value of that quantity can be expressed as a simple multiple of the unit of
measurement. For example, length 1s a physical quantity.

Dimension:
A measurable extent of a particular kind, such as length, breadth, depth, or height.
Fundamental Units:

Every quantity is measured in terms of some arbitrary, but internationally accepted
units, called fundamental units.

All the physical quantities, met with in Engineering Mechanics, are expressed in
terms of three fundamental quantities, i.e. 1) Length, i1) Mass and iii) Time.

Derived Units:

Sometimes, the units are also expressed in other units (which are derived from
fundamental units) known as derived units e.g. units of area, velocity, acceleration,
pressure etc.

Systems of Units:

There are only four systems of units, which are commonly used and universally
recognised. These are known as:

1) C.G.S. (Centimetre-Gram-Second) units,
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i1) F.P.S. (Foot-Pound-Second) units,
i11) MLK.S. (Meter-Kilogram-Second) units and
1v) S.I. units (an absolute system).

S.I. Units (International System of Units):

In this system of units, the fundamental units are metre (m), kilogram (kg) and
second (s) respectively.

Density (Mass density) kg/m’

Force N (Newton)
Pressure N/mm” or N/m’
Work done (in joules) J=N-m

Power in watts W=1J/s

Scalar:

The scalar quantities (or sometimes known as scalars) are those quantities which
have magnitude only such as length, mass, time, distance, volume, density,
temperature, speed etc.

Vector:

The vector quantities (or sometimes known as vectors) are those quantities which
have both magnitude and- direction such as force, displacement, velocity,
acceleration, momentum etc.

a) Representation of a vector:
A vector is represented by a directed line. It may be noted that the length OA
represents the magnitude of the vector OA.

‘r')
[y, = A

The direction of the vector is OA is from O (i.e., starting point) to A (i.e., end point).
It is also known as vector P.

b) Unit vector:
A vector, whose magnitude is unity, is known as unit vector.
¢) Equal vectors:

The vectors, which are parallel to each other and have same direction (i.e., same
sense) and equal magnitude, are known as equal vectors.

d) Like vectors:

The vectors, which are parallel to each other and have same sense but unequal
magnitude, are known as like vectors.
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e) Addition of vectors:

Consider two vectors PQ and RS, which are required to be added as shown in Fig.
Take a point A, and draw line AB parallel and equal in magnitude to the vector PQ to
some convenient scale. Through B, draw BC parallel and equal to vector RS to the
same scale. Join AC which will give the required sum of vectors PQ and RS as

shown in Fig.

p = 0 A B
(a) Vectors PQ and RS {b) Addition-of vectors
This method of adding the two vectors is called the Triangle Law of Addition of
Vectors. Similarly, if more than two vectors are to be‘added; the same may be done
first by adding the two vectors, and then by adding the third vector to the resultant of
the first two and so on. This method of adding more than two vectors is called

Polygon Law of Addition of Vectors.

f) Subtraction of vectors:

Consider two vectors PQ and RS in which the vector RS is required to be subtracted
as shown in Fig. Take a point A, and draw line AB parallel and equal in magnitude to
the vector PQ to some convenient scale. Through B, draw BC parallel and equal to
the vector RS, but in opposite direction, to that of the vector RS to the same scale.

P - o

§ A4, > B

R (';
{a) Vectors PQ and RS (b)) Subtraction of vectors

Join AC, which will give the resultant when the vector PQ is subtracted from vector

RS as shown in Fig.
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1.2 Force

It may be defined as an agent which produces or tends to produce, destroys or tends
to destroy motion. Unit in SI units is N (Newton).

Effects of a Force:

» It may change the motion of a body. i.e. if a body is at rest, the force may set it in
motion and if the body is already in motion, the force may accelerate it.

» It may retard the motion of a body.

» It may retard the forces, already acting on a body, thus bringing it to rest or in
equilibrium.

» It may give rise to the internal stresses in the body, on which it acts.

Characteristics of a Force:

» Magnitude of the force (i.e., 100 N, 50 N, 20 kN, 5 kN, etc.)

» The direction of the line, along which the force acts (i.e., along OX, OY, at 30°
North of East etc.). It is also known as line of action of the force.

» Nature of the force (i.e., whether the force is push or pull). This is denoted by
placing an arrow head on the line of action of the force.

» The point at which (or through which) the force acts on the body.

Principle of Transmissibility of Forces:

It states, “If a force acts at any point-on 5 5 ©2
a rigid body, it may also be considered ’
to act at any other point on its line of g . £

e (b)

action, provided this point is rigidly

€2 ?'f?
connected with the body”.
’ (c) (d)

Principle of Superposition of Forces:

This principle states that the combined effect of force system acting on a particle or a
rigid body is the sum of effects of individual forces.

Consider two forces P and Q acting at A on a boat as shown in Fig. Let R be the
resultant of these two forces P and Q. According to Newton’s second law of motion,
the boat will move in the direction of resultant force R with acceleration proportional
to R. The same motion can be obtained when P and Q are applied simultaneously.
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BOAT

e
R

Principle of Superposition

Action & Reaction Forces:

The force exerted by one of the bodies on the other is called action while the force
exerted by the other on the first is called reaction. Whenever two bodies interact with
each other, an action-reaction pair of force arises. Whenever ‘an object A exerts a
force on another object B, B will exert an equal and opposite force on A.

action action: reaction:

air balloon
rushesj ' goes up
down ¥
Free Body Diagram:
Free body diagrams (otherwise known Free Body Diagram
as FBD's) are simplified |
representations in a problem of an F
. —
object (the body), and the force vectors -,.._f =u N

acting on it. This body is free because
the diagram will show it without its

Weight =mg | T N = Normal force
supporting the
surroundings; i.e. the body is 'free' of mass

1ts environment.

1.3 Resolution of a Force

The process of splitting up the given force into a number of components, without
changing its effect on the body is called resolution of a force. A force is, generally,
resolved along two mutually perpendicular directions.

Principle of Resolution

It states, “The algebraic sum of the resolved parts of a no. of forces, in a given
direction, is equal to the resolved part of their resultant in the same direction”.

6
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Method of Resolution

» Resolve all the forces horizontally and find the algebraic sum of all the horizontal
components (i.e., Y H).

» Resolve all the forces vertically and find the algebraic sum of all the vertical
components (i.e., Y.V).

» The resultant R of the given forces will be given by the equation :

R=J(EH) +(EV)

» The resultant force will be inclined at an angle 0, with the horizontal, such that

SV
tan@ = -‘E—L
H

-

I

Notes:

» When YV is +ve, the resultant makes an angle between 0° and 180°. But when YV
is -ve, the resultant makes an angle between 180° and 360°.

» When Y H is +ve, the resultant makes an angle between 0° to 90° or 270° to 360°.
But when ) H 1s -ve, the resultant makes an angle between 90° to 270°.
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Example 2.5. A triangle ABC has its side AB =40 mm along positive x-axis and side
BC = 30 mm along positive y-axis. Three forces of 40 N, 50 N and 30 N act along the sides AB, BC
and CA respectively, Determine magnitude of the resultant of such a system of forces.

Solution. The system of given forces isshownin Fig. 2.3.
From the geometry of the figure, we find that the triangle ABC is a right angled triangle,in
which the *side AC = 50 mm. Therefore

sinb = E =056
50

SN
40 A
and cosB=—=0.8 il
50 & T
Resolving all the forces horizontally (i.e., along AB), /-/
S H =40 - 30 cos 8 s 30 mm
P
=40 -{30x08)=16N A4 .48 , L o AON
and now resolving all the forces vertically (i.e., along BC) e |~1— 40amm —h-|3
SV =50-30sin6 20N
Fig. 2.3.

=50 -{30x06)=32N

We know that magnitude of the resultant force,

R= \/(ZH}2 + (ZV)° =.J(1f;}3 +(32)° =358 N Ans.

Example 2.6. A system of forces are acting'at the éorners of'a rectangular block as shown
in Fig. 2.4. '

S0 KN
$ - VS
‘$r-.."'lkN
l Im
20 kN ol - i &
[— 4 m—»
Y
35 kN

Determine the nmgﬁifﬁd&’ and direction of the resultant force.

Solution. Given: System of forces
Muagnitude of the resultant force
Resolving forces horizontally,
SH=25<20=5kN
and now resolving the forges vertically
2V =(=50)+(-35)=-85kN
Magnitude of the resultant force

R=y(SH)? +(IV)? =[(5)> + (-85 =85.15kN Ans,

Direction of the resultant force
Let 6 = Angle which the resultant force makes with the horizontal.
We know that

tan=——=——=-17 o @=286.6°

Since YH is positive and X Vis negative, therefore resultant lies between 270° and 360°. Thus
actual angle of the resultant force

=360° - 86.6° =273.4° Ans.
8
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Example 2.7. The forces 20N, 30N, 40 N, 50 N and 60 N are acting at one of the angular
points of a regular hexagon, towards the other five angular points, taken in order. Find the magnitude
and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.5

lSﬁN

Fig. 2.5.

Muagnitude of the resultant force
Resolving all the forces horizontally (i.e along AB),
YH =20 cos 0° + 30 cos 31}5 +.4{} ¢os 6054 50 cos90° + 60 cos 120° N
(20 x 1) + (30 %0.866) +40 x 0:5) + (50 0) +60 (-=0.5) N
=360N (D)
and now resolving the all forces vertically (.., at right angles 10 AB),
2V =20 sin 0° + 30%5in 308+ 40 sin60° + 50 sin 90° + 60 sin 120° N
= (20 x Op#(30 x-05) + (40 % 0.866) + (50 x 1) + (60 x 0.866) N
= 151 6N (i)

We know thatunagnitude of the resultant force,

R=J(CHY + (EV) = 3607 + (I5L6)° = 1558N Ans.
Direction of the resultant force

Let 6 = Angle, which the resultant force makes with the horizontal (i.e., AB).
We know that

fanfB==_=—""=47211 or B=76.6% Ans.

2H 360

Note. Since both the values of LH and XV are positive, therefore actual angle of resultant
force lies between (° and 90)°,
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Example 2.8. The following forces act at a point
(7) 20 N inclined at 30° towards North of East,

(if) 25 N towards North,
(iiT) I0ON rowards North West, and
(iv) 35 N inclined at 40° towards South of West.
Find the magnitude and direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.6.

Morth
25N

\ 200N
\\\ / '

ik Dl W - Eak
West a0° > East

South

Fig. 2.6.

Muagnitude of the resultant force
Resolving all the forces horizontally i.e., along East<West line,
Y H =20 cos 30° + 25 €08 90° + 30 cos 135° + 35 cos 220° N

= (20x0.860)4 (25 x M +30(-=0.707) +35(- 0.766) N

=.430.7 N -AT)
Magnitude of the resultant force
Resolving all the'forces horizontally i.e., along East-West line,
SH=20cos30° +25 cos 90° + 30 cos 135°+ 35cos 220° N
= (20x0866)+ (25 x0)+30(=0.707) +35(-0.766) N
()

=307 N

and now resolving all the forces vertically i.e., along North-South line,
2V =20sin 30° + 25 sin 90° + 30 sin 135° + 35 sin 220° N

10
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= (20 % 0.5) + (25 x L.0) + (30 x 0.707) + 35 (- 0.6428) N
=337N B 1]
We know that magnitude of the resultant force,

R=A(SH)? +(SVP =(=307)2 + (3377 =456N  Ans.

Direction of the resultant force

Let 8 = Angle, which the resultant force makes with the East.
We know that
>V 7
tan @ = ~=-I'—- = S, =-1.098 or 68=477°
ZH =307

Since 2.H is negative and 2V is positive, therefore resultant lies between 90° and 180°. Thus

actual angle of the resultant = 18(0° - 47.7° = 132.3* Ans.

1.5 Force System

When two or more forces act on a body, they are called to form a system of forces. A
force is, generally, resolved along two mutually perpendicular directions.

a) Coplanar forces: The forces, whose lines of action‘lie on the same plane, are
known as coplanar forces.

b) Collinear forces: The forces, whose lines of action lie on the same line, are known
as collinear forces.

¢) Concurrent forces: The forces, which meet at one point, are known as concurrent
forces. The concurrent forces may or.may not be collinear.

d) Coplanar concurrent forces: The forces, which meet at one point and their lines
of action also lie on the same plane, are known as coplanar concurrent forces.

e) Coplanar non-concurrent forces: The forces, which do not meet at one point, but
their lines of action lie on the same plane, are known as coplanar non-concurrent
forces.

f) Non-coplanar concurrent forces: The forces, which meet at one point, but their
lines of action do not lie on the same plane, are known as non-coplanar concurrent
forces.

g) Non-coplanar non-concurrent forces: The forces, which do not meet at one point
and their lines of action do not lie on the same plane, are called non-coplanar non-
concurrent forces.

1.6 Composition of Forces

The process of finding out the resultant force, of a number of given forces, is called
composition of forces or compounding of forces.

Resultant Force

If a number of forces, are acting simultaneously on a particle, then it is possible to
find out a single force which could replace them i.e., which would produce the same
effect as produced by all the given forces. This single force is called resultant force.

11
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Laws for Resultant Force
a) Triangle Law of Forces

It states, “If two forces acting simultaneously on a particle, be represented in
magnitude and direction by the two sides of a triangle, taken in order; their resultant
may be represented in magnitude and direction by the third side of the triangle, taken
in opposite order.”

b) Polygon Law of Forces

It states, “If a number of forces acting simultaneously on a particle, be represented in
magnitude and direction, by the sides of a polygon taken in order; then the resultant
of all these forces may be represented, in magnitude and direction, by the closing side
of the polygon, taken in opposite order.”

Method of Composition of Forces
1. Analytical method. 2. Graphical method
1. Analytical Method

The resultant force, of a given system of forces, may be found out analytically by the
following methods:

a) Parallelogram law of forces. b) Method of resolution
1. Parallelogram Law of Forces:

It states, “If two forces, acting simultaneously on a particle, be represented in
magnitude and direction by.the two-adjacent sides of a parallelogram; their resultant
may be represented in magnitude and direction by the diagonal of the parallelogram,
which passes through their point of intersection.”

Mathematically, resultant force,

R=+E + F} + 2FFycos0

F; sinB
and tant = ———
F,+ F; cosB
where F, and F, = Forces whose resultant is required to be found out,

0 = Angle between the forces F; and F,, and

o = Angle which the resultant force makes with one of the forces (say
Fy).

12
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Note. It the angle (o) which the resultant force makes with the other force F,,
F, sinB

then tangg=—2*%
F, + F cosB

Cor.
I. 1 8=0ie., when the forces act along the same line, then
R=F +F, .(Bincecos ° = 1)
2, If 8 =90°ie., when the forces act at right angle, then

B=R=yF + F .{(Since cos 90° =0)

3. It 8=180°1e., when the forces act along the same straight line bat in opposite directions,
then R=F~F, ..[Since cos 180" ==1)
In this case, the resultant force will act in the direction of the greater force.

4. If the two forces are equal {.e., when F; = F3 = F then

R=+[F+ F2 4+ 2F2 cos8 =[2F2 (1 +cos6)

- |

- B gh
E JEF_ ) ) |_ | + cosf = 2cos” [_J
\2) L 2

Example 2.2. Two forces actat'an angle of d20°. The bigger force is of 40 N and the
resultant is perpendicular to the smaller one Find the smaller force.

Solution. Given : Arngle betweety the forces ZAOC = 120° , Bigger force (F,) =40 N and

angle between the resultant and F; GLBOC p=90° ; & B
Let F, = Smaller foreeé in N
From the geometry of the figure, we find that ZAOR, O"'-L;_h 5 R

b2 1] /.-
> 1207 90° = 30° e
a0
Weknow that ) 5 A
: o C P=40N
f— F,sin® _
,F; i .FECOSB Fig. 2.1.
3 AN H =}
(an 30° = Fyainl20 ” £ sin 6l
40+ F,cos120° 40 + F, (—cos 60%)
0577 < F2X0866 _ 0.866F,
40— Fox0.5 40-05F
(L8866 F;
0-05Kh=—">-=2=15F
B as7? B
2F,=40 or F,=20 Ans.

Example 2.3. Find the magnitude of the two forces, such that if they act at right angles, their
resultant is J10 N . But if they Act at 60°, their resultant is f13 N .

Solution. Given ; Two forces = F and F,.

First of all, consider the two forces acting at right angles. We know that when the angle between
the two given forees is 90%, then the resultant force (R)

J10 = E2 4 F2
1 2

or 10= F,2 + Ff ..{Squaring both sides)
13
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Similarly, when the angle between the two forces is 60°, then the resultant force (R)

N3 = fF? + F2 + 2F, F; cos 60°

13 =F" + F5 + 2F F> x 0.5 ...(Squaring both sides)
or FF,=13_-10=3 ..{Substituting F- + F = 10}

We know that (F, + F, )= F° + I + 2F,F =10+ 6 =16

F+ FE =16 =4 ---E}
Similarly (Fy — BEY =F+ FF —2FF =10-6=4
F,—F=~a=2 ik B

Solving equations (i) and (i},
F_=3N and F:=1N Ans.

2. Graphical Method

It is another method of finding out the magnitude and direction of the resultant force
by:

Polygon Law of Forces (“If a number of forces acting simultaneously on a particle,
be represented in magnitude and direction, by the sides of a polygon taken in order;

then the resultant of all these forces may be represented, in magnitude and direction,
by the closing side of the polygon, taken in opposite order.”):

a. Construction of space diagram (position diagram): It means the construction of
a diagram showing the various forces (or loads) alongwith their magnitude and
lines of action.

b. Use of Bow’s notations: All the forces in the space diagram are named by using
the Bow’s notations. It is.a conyenient method in which every force (or load) is
named by two capital letters, placed on its either side in the space diagram.

c. Construction of vector diagram (force diagram): It means the construction of a
diagram starting<from a convenient point and then go on adding all the forces
vectorially one by one (keeping in view the directions of the forces) to some
suitable scale. Now the closing side of the polygon, taken in opposite order, will
give the magnitude of the resultant force (to the scale) and its direction.

Example 2.10. A particle is acted upon by three forces eqgual to 50 N, 100 N and 130 N,
along the three sides of an equilateral triangle, taken in order. Find graphically the magnitude and
direction of the resultant force.

Solution. The system of given forces is shown in Fig. 2.8 (a)

First of all, name the forces according to Bow’s notations as shown in Fig. 2.8 (@). The 50N
force is named as AR, 100 N force as B and 130 N foree as CD.

100 ™
B ,
\
“HOe A Y 100
130 ¢
i Ly g -
£ 600 Y \
pa Ch e 50N 3 B -
| & A : _a-="" 9 35
130N I
-
() Space diagram (H) Vector diagram
Fig. 2.8.

14
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Now draw the vector diagram for the given system of forces as shown in Fig. 2.8 (b) and as

discussed below :
1. Select some suitable point ¢ and draw ab equal to 50 N to sotne suitable scale and parallel
to the 50 N force of the space diagram.
2. Through b, draw be equal to 100N to the scale and parallel to the 100N force of the space
diagram.
3. Similarly through ¢, draw cd equal to 130 N to the scale and parallel tothe 130 N force of

the space diagram.

Example 2.11 The following forces act at a point

(i} 20 N inclined at 30° towards North of East.
(i) 25 N towards North.

(ii7) 30N towards North West and

(fv) 35 Ninclined at 40° towards South of West.
Find the magnitude and direction of the resultant froce.
*Solution. The system of given forces is shown in Fig, 2.9 (),

First of all, name the forces according to Bow's notations agshown in Fi g. 2.9 (a). The 20N
force is named as PQ, 25 N force as OR, 30'N fabce as RS and 33N force as 5T,

West

North
25N
A
0N
*
\® | @ e
x‘_\ q‘_
©® L )
5
457 35 \
A" A3 &t Fast " .?3(}
40° -' W
g | . .
/// | E553 L
¥ LD {5 5
35N ‘r‘\ b
| 4 = E ZEJ_, Pt
South st 0
p
() Space diagram (£} Vector diagram
R = Fig. 2.9. b

Now draw the vector diagram for the given system of forces as shown in Fig. 2.9 (b) and as
discugsed below ;

2.

&

> tn

Select some suitable point p and draw pgequal to 20 N to some suitable scale and parallel
to the force PO

Through g, draw gr equal to 25 N to the scale and parallel to the force QR of the space
diagram.

Now through r, draw rs equal to 30 N to the scale and parallel to the force RS of the space
diagram.

Similarly, through s, draw st equal to 35 N to the scale and parallel to the force ST of the
space diagram.

Joint pt, which gives the magnitude as well as direction of the resultant force.

By measurement, we find that the magnitude of the resultant force is equal to 45.6 N and
acting at an angle of 132° with the horizontal i.e. East—West line. Ans.

15
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1.4 Moment of Force

» It is the turning effect produced by a force, on the body, on which it acts.

» The moment of a force is equal to the product of the force and the perpendicular
distance of the point, about which the moment is required and the line of action of
the force.

Mathematically,
Moment, M =P X[

where P = Force acting on the body, and
[ = Perpendicular distance between the point, about which the moment 1s
required and the line of action of the force.

Consider a force P represented, in o
magnitude and direction, by the line
AB. Let O be a point, about which the

J

moment of this force is required to be <N ) B
found out. From O, draw OC : £
perpendicular to AB. Join OA and OB. Fig;9:1. Reppesentation of moment

Thus the moment of a force, about any
point, is equal to twice the area of the
triangle, whose base is the line to some
But AB x OC is equal to twice the area scale representing the force and whose
of triangle ABO. vertex is the point about which the

Now moment of the force P about O

=P x0OC=AB x0OC

moment 1s taken.

If the force1s in Newton and the distance is in meters, then the units of moment will
be Newton-meter (briefly written as N-m). Similarly, the units of moment may be
kN-m (i.e. kKN x m), N-mm (i.e. N X mm) etc.

Types of Moments
a) Clockwise Moment

It is the moment of a force, whose effect is to turn or rotate the body, about the point
in the same direction in which hands of a clock move.

T o v . “
T T

(a) Clockwise moments (B) Anticlockwise moments
b) Anticlockwise Moment

It is the moment of a force, whose effect is to turn or rotate the body, about the point
in the opposite direction in which the hands of a clock move.
16
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Sign Convention

The general convention is to take clockwise moment as positive and anticlockwise
moment as negative.

Law of Moments or Varignon’s Principle of Moments

It states, “If a number of coplanar forces are acting simultaneously on a particle, the
algebraic sum of the moments of all the forces about any point is equal to the
moment of their resultant force about the same point.”

Example 3.4. A uniform wheel of 600 mm diameter, weighing 5 kN rests against a rigid
rectangular block of 150 mm height as shown in Fig. 3.8.

00 mm

: b /
150 mm | S l

Fig. 3.8
Find the least pull, through the centre of the wheel, required just to turn the wheel over the
corner A of the block. Also find the reaction pivthe block. Take all the surfaces to be smooth.
Solution. Given :Diameter af Wheel=600 mm: Weight of wheel = 5 kN and height
of the block = 150 mm.
Least pull reguired just to turn the wheel vver the corner.
Let P.= Least pull required just to turn the wheel in kN.

A little consideratiom ‘will show that for the least pull, it must be applied normal to AQ. The
system of forces is shown in Fig. 3.9. From the geometry of the figure, we find that

P
sinf = ) =05 o B8=30°
300 !
3 2 . '{f‘@ & ‘f
and AB= J(E{}[}}' = (150)° = 260 mm AR
= o 150 mm
Now taking moments about A and equating the same, \/ ;
Px 300 =15 X 260 = 1300 =4 9 'B
R4 v
o 1 300 = ATEN ARE SkN
300 Fig. 3.9.

Reaction on the block
Let R = Reaction on the block in kN.
Resolving the forces horizontally and equating the same,

R cos 30° = Psin 30°
Bia Psin30° _ 4.33x 0.5

cos30°  0.866

=25kN Aps.
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Example 3.5. Three forces of 2P, 3P and 4P act along the three sides of an equilateral
triagngle of side 100 nmun taken in order. Find the magnitude and position of the resultant force.

Solution. The system of given forces is shownin Fig. 3.11.

Muagnitude of the resultant force 3P
Resolving all the forces horizontally,
EH=2P + 3P cos 120° + 4P cos 240° z"
=2P +3P(—0.5)+ 4P (- (.5) /
=—15F \
and now resolving all the forees vertically. f_f = 2p
EV = 3P sin 60° — 4Psin 60° l—100 mm—H
= (3P x 0.866) — (4P x .866) ‘”’
=_—0866 P o ofFE) Fig. 3.11.

We know that magnitude of the resultant force

R=+J(EH) + (ZV)? =,/c1.5P)® = (-0.866 P} = 1.732F Ans.
Position of the resultant force
Let x = Perpendicular distance between B and the line pfaction of the resultant
force.

Now taking moments of the resultant force about B and equating the same,
1.732 Px x = 3P x 100 sin 60° = 3P x (100 x 0.866) =259.8 B

_239.8
1.732
MNote. The moment of the force 2P and 4P about the paant B will‘be zero, as they pass
through 1it.
Example 3.6. Fouwr forces equal to'P, 2P, 3Pand 4F.are respectively acting along the four
sides of square ABCD taken in order. Find the magnitude. direction and position of the resultant
force.

=[50 mm Ans.

Solution. The systemof given forees is shewn in Figl 3.12. 3 p
Magnitude of the resultant force A
Resolving all the forces horizontally, 3 P c
PH=P 3P =2P wfi)
and now resolvingall forces vertically,
LV =2P<~4P=-2P w(ED)
We krniow that magnitude of the resultant forces, A B >
2 - 2 2 2 1’
R =J(ZH)? +(5V)? =f(-2P)? + (-2P)’ 4p
Fig. 3.12.
=2.J2P Ans.
Direction of the resultant foree
Let 6 = Angle, which the resultant makes with the horizontal.
/ EV 2P
[anB_E_H___T"P_l or B =45

Since 2L H as well as 2V are —ve, therefore resultant lies between 180°and 270°. Thus actual
angle of the resultant force = 180" +45° = 225° Ans.
FPosition of the resultant force
Let x = Perpendicular distance between A and the line of action of the resultant
force.
Now taking moments of the resultant force about A and equating the same,

22Px x=(2Pxa)+ (3P xa)=5P X a

_ Sa
E-JE Ans.
Note. The moment of the forces P and 4P about the point A will be zero, as they pass
through it.
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Couple

» A pair of two equal and unlike parallel forces (i.e. forces equal in magnitude, with
lines of action parallel to each other and acting in opposite directions) is known as
a couple.

» As a matter of fact, a couple is unable to produce any translatory motion (i.c.,
motion in a straight line).

» But it produces a motion of rotation in the body, on which it acts.

Arm of the Couple
The perpendicular distance (a), "
between the lines of action of the two

equal and opposite parallel forces, is

known as arm of the couple.
Moment of a Couple

The moment of a couple is the product of the force (i.e., one of the forces of the two
equal and opposite parallel forces) and the arm of the couple. Mathematically:

Moment of a couple =P x a
where P = Magnitude of the force, and
a =Arm of the couple.
Classification of Couples
a) Clockwise Couple

A couple, whose tendency is to rotate the body, on which it acts, in a clockwise
direction, is known as a clockwise couple. Such a couple is also called positive
couple.

{a) Clockwise couple () Anticlockwise couple

b) Anticlockwise Couple

A couple, whose tendency is to rotate the body, on which it acts, in an anticlockwise
direction, is known as an anticlockwise couple. Such a couple is also called a
negative couple.

Characteristics of a Couple

» The algebraic sum of the forces, constituting the couple, is zero.
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» The algebraic sum of the moments of the forces, constituting the couple, about any
point is the same, and equal to the moment of the couple itself.

» A couple cannot be balanced by a single force. But it can be balanced only by a
couple of opposite sense.

» Any no. of coplanar couples can be reduced to a single couple, whose magnitude
will be equal to the algebraic sum of the moments of all the couples.
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Chapter-02: Equilibrium

2.1 Equilibrium

» If the resultant of a number of forces, acting on a particle is zero, the particle will
be in equilibrium.

» Such a set of forces, whose resultant is zero, are called equilibrium forces.

» The force, which brings the set of forces in equilibrium, is called an equilibrant.

» As a matter of fact, the equilibrant is equal to the resultant force in magnitude, but
opposite in direction.

Principles of Equilibrium

a. Two force principle: As per this principle, if a body in equilibrium is acted upon
by two forces, then they must be equal, opposite and collinear.

b. Three force principle: As per this principle, if a body in equilibrium is acted upon
by three forces, then the resultant of any two forces must be equal, opposite and
collinear with the third force.

c. Four force principle: As per this principle, if a body in equilibrium is acted upon
by four forces, then the resultant of any two forces must be equal, opposite and
collinear with the resultant of the other two forces.

Methods for the Equilibrium of Forces

1. Analytical method. 2. Graphical method
1. Analytical Method

2.2 Lami’s Theorem:

It states, “If three coplanar forces

acting at a point be in equilibrium, then # 0
each force is proportional to the Sine of Tﬁx
the angle between the other two.” -1
Mathematically,

R

p Q@ R

sinot sinff siny

Fig. 5.1. Lami's thecrem
where, P, Q, and R are three forces and a, B, y are the angles
Proof:

Consider three coplanar forces P, Q, and R acting at a point O. Let the opposite
angles to three forces be a, § and .

Now complete the parallelogram OACB with OA and OB as adjacent. We know that
the resultant of two forces P and Q will be given by the diagonal OC both in
magnitude and direction of the parallelogram OACB.
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Since these forces are in equilibrium, therefore the resultant of the forces P and Q
must be in line with OD and equal to R, but in opposite direction.

From the geometry of the figure, we find

BC=Pand AC=Q - fﬁg
£ AOC = (180° — B) g 1 RP
and £ ACO =2 BOC = (180° - 1) ff Qﬂ‘
.. CAO=180° — (11 AOC + [] ACO) BieY
= 180° — [(180° — B) + (180° — a)] Vi
— 180°—180°+  — 180° + a
— o+ B 180° D
But o+ B + y = 360° Fig. 5.2. Proof of Lami's theorem

Subtracting 180° from both sides of the above equation,

(o + B — 180°) +7 = 360° — 180°.=180°

or [T CAO=180°—y
We know that in triangle AOC,
oA AC  _ OC
sin = ACO sin 2 AQC Sin L CAO
0A / AC B oC
sin (180° — o) sin ({1802 — B Sin (1802 — v)
P Q frd
or = = v sin (180% —0) = s5in O]

sino.  sanfB  sinvy

Example 5.1. Awrélectric light fixture weighting 15 N hangs from a point C, by two strings
AC and BC. The string ¥ C is inclined at 607 to the horizontal and BC at 457 to the horizontal as
shown in Fig. 5.3

607 A

15N
Fig. 5.3.

Using Lami’ s theorem, or otherwise, determine the forces in the strings AC and BC.
Solution. Given : Weight at C =15 N

Let T, = Force in the string AC, and
T~ = Forcein the siring BC. B A

The system of forces is shown in Fig. 5.4. From the geometry of the
figure, we find that angle between T,-and 15 N is 150% and angle between
Tgeoand 15 N is 1357,

ZACE = 180° — (45° + 60%) =75°

Applying Lami’s equation at C,

15 _ Tae _ _Tpe
sin73°% sinl35°®  sinl350° 15N

22
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ISsin45°  15% 0.707
L L =1098N Ans.
sin 75° (.9659

158in30® 15x 0.5

T ™ = TI6N Ang
and BC T T4nT75°  0.9659

Example 5.3. A light string ABCDE whose extremity A is fixed, has weights W, and W,
attached to it at B and C. It passes round a small smooth peg at D carrying a weight of 300 N at the
free end E as shown in Fig. 5.7.

oy 150° 120¢ 5 :
b S 7. R
B l l‘i 300N
I’i’rl H"F:.
Fig. 5.7

Ifin the equilibrium position, BC is Fwnzom‘al and-AB arid’ ED muake 1507 and 1207 with BC,
find (i) Tensions in the portion AB, BC and CDr (Jf thestring and (ii) Magnitudes of W, and W,

Solution. Given : Weight at £ =30 N

For the sake of convenience, let us split up the'siring ABCD into two parts. The system of
forces at joints B and C is shown in Fig. 5q8.1a) and{b).

D
A /
150 ]20}_/ 300 N
W, v W,
(a) Joint B () Joim C
Fig. 5.8.
(1) Tensionsis the portion AB, BC and CD of the string
Let T, = Tension in the portion AB, and
I, =Tension in the portion BC,

We know that tension in the portion CD of the string.
I.,=T,,=300N Ans.

Applying Lami’s equation at C,

Toc _ W, _ 300
sin 150%  sin 120° sin 90°
o Wy 300

<in 30°  sin 60° 1 W sin (180° —B)=sin 0]

Tp-=300sn30°=300x0.5=150N Ans
and W, = 300 sin 607 = 300 x (.866 = 259.5 N
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and W, = 300 sin 60° = 300 = 0.806=2508 N
Again applyving Lami's equation at B,
Tag . W o The
sin 90°  sin 150°  sin 120°
L o W . 130 [ sin (180° —0) = sin 0]
| sin 30°  sin 60°
150 150 .
T,. = = =1732N Ans.
7 sin 60° 0.866
I =]
and W, = 150sin 30 _ IS{MD‘5=86.6N

sin 60°
(if) Magnitudes of W, and W,

0.866

From the above calculations, we find that the magnitudes of W, and W, e 86.6 N and

259.8 N respectively., Ans.

2. Graphical Method

Converse of the Law of Triangle of Forces:

If three forces acting at a point be represented in magnitude and direction by the three
sides a triangle, taken in order, the forces shall be in-equilibrium.

Converse of the Law of Polygon of Forces:

If any number of forces acting at a point be represented in magnitude and direction
by the sides of a closed polygon, taken in order, the forces shall be in equilibrium.

Example 5.11. Anelectric light fixtgreweighing 15 N hangs from a point C, by two strings AC
and BC. The string AC is :"ncimed at 60%¢o the harizontal and BC at 45° to the horizontal as shown

in Fig. 5.27.
B 60°7 A
45% ;
[&
15N
Fig. 5.27.

Using Lami’s theorent, or otherwise, determine the forces in the strings AC and BC.

F7Solution. Given. Weightat C=15N
7
A

TB o

Let

o= Force in the string AC, and
= Force in the siring BC.

First of alld draw the space diagram for the joint C and name the forces according to Bow's
notations as shown in Fig. 5.28 (a). The force T_qc is named as R and the force TBC as PR.

B

r ¥ 75°

BO ™ i
1350 (2 1500

® @

A

.ﬁ": T

i

v

(a) Space diagram

rs

¥ ¥

{a) Vector diagram
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Now draw the vector diagram for the given system of forces as discussed below:

1. Select some suitable point p and draw a vertical line pg equal to 15 N to some
suitable scale representing weight (PQ) of the electric fixture.

2. Through p draw a line pr parallel to PR and through q, draw a line gr parallel to
OR. Let these two lines meet at r and close the triangle pgr, which means that joint
C is in equilibrium.

3. By measurement, we find that the f4orces in strings 4C (TAC) and BC (TPC) is
equal to 1.0 N and 7.8 N respectively

Example 5.12. Five strings are tied at a point and are pulled in all directions, equally

spaced from one another. If the magnitude of the pulls on three consecutive strings is 50N, 70 N and
60 N respectively, find graphically the magnitude of the pulls on two other stwings.

Solution. Given: Pulls=50N; 70 N and 60 N and angle between the forces = EE’E =72°.

Let P, and P, = Pulls in the two strings.

First of all, let us draw the space diagram for the givewn system of forces and name them
according to Bow’s notations as shown in Fig 5.294&).

70 N vid
. 4 ,  12°
60 N . f IA 60N
* () / *
L Y B e
| (B) -
— i E‘I\ :', —r - 2 '-""-.l ;
D) _ Tz
= 12 YS———rm W 50N
= 72° A
. Q 2 ]
p * ) 1) A 70N
| (E) \ 72 N A 72
A “@ soN P
P,
(&) Space diagram (b)) Vector diagram

Now draw the vector diagram for the given system of forces as discussed below:

a) Select some suitable point a and draw a horizontal line ab equal to 50 N to some
suitable scale representing the force AB.

b) Through b draw a line bc equal to 70 N to the scale and parallel to BC.

c¢) Similarly through ¢, draw cd equal to 60 N to the scale and parallel to CD.

d) Through d draw a line parallel to the force P; of the space diagram.

e) Similarly through a draw a line parallel to the force P, meeting the first line at e,
thus closing the polygon abcde, which means that the point is in equilibrium.

f) By measurement, we find that the forces P; = 57.5 N and P, = 72.5 N respectively

Conditions of Equilibrium:

Consider a body acted upon by a number of coplanar non-concurrent forces. As a
result of these forces, the body may have any one of the following states:
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a) The body may move in any one direction: If the body moves in any direction, it
means that there is resultant force acting on it. The body is to be at rest or in
equilibrium, the resultant force causing movement must be zero. Or in other
words, the horizontal component of all the forces (3, H) and vertical component of
all the forces (3_V) must be zero. Mathematically,

>H=0 and > V=0.

b) The body may rotate about itself without moving: If the body rotates about
itself, without moving, it means that there is a single resultant couple acting on it
with no resultant force. The body is to be at rest or in equilibrium, the moment of
the couple causing rotation must be zero. Or in other words, the resultant moment
of all the forces (3, M) must be zero. Mathematically,

M =0.

¢) The body may move in any one direction and at the same time it may also
rotate about itself: If the body moves in any direction and:at the same time it
rotates about itself, if means that there is a resultant force and also a resultant
couple acting on it. The body is to be at rest or«in equilibrium, the resultant force
causing movements and the resultant moment of the couple causing rotation must
be zero. Or in otherwords, horizontal component of all the forces (3, H), vertical
component of all the forces (3. V) and resultant moment of all the forces (3, M)
must be zero. Mathematically,

Y>H=0, >V=0 and Y M=0

d) The body may be completely ‘at rest: If the body is completely at rest, it
necessarily means that there is neither a resultant force nor a couple acting on it. In
this case the following conditions are already satisfied.

Y>H=0 >V=0 and Y M=0
Types of Equilibrium:

From practical point of view, a body is said to be in equilibrium when it comes back
to its original position, after it is slightly displaced from its position of rest. In
general, following are the three types of equilibrium:

S - -

# \ P r ~ =
N ' : N \ i, ’
: i .

St
F

A \ (]

| .
'.- h s N = . ' i i | W
[ ,_-_f:.‘dﬂd _,__ﬂ_-._mﬁ_ T -

k- . - — o T— ——

() Stable {(b) Unstable {¢) Neutral

a) Stable Equilibrium:
» A body is said to be in stable equilibrium, if it returns back to its original position,
after it is slightly displaced from its position of rest.
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» This happens when some additional force sets up due to displacement and brings
the body back to its original position.

» A smooth cylinder, lying in a curved surface, is in stable equilibrium. If we
slightly displace the cylinder from its position of rest (as shown by dotted lines), it
will tend to return back to its original position in order to bring its weight normal
to horizontal axis.

b) Unstable Equilibrium:

» A body is said to be in an unstable equilibrium, if it does not return back to its
original position, and heels farther away, after slightly displaced from its position
of rest.

» This happens when the additional force moves the body away from its position of
rest. This happens when the additional force moves the body away from its
position of rest.

» A smooth cylinder lying on a convex surface is in unstable equilibrium. If we
slightly displace the cylinder from its position of rest (as shown by dotted lines)
the body will tend to move away from its original position.

¢) Neutral Equilibrium:

» A body is said to be in a neutral equilibrium, if it occupies a new position (and
remains at rest in this position) after slightly displaced from its position of rest.

» This happens when no additional force sets up due to the displacement.

» A smooth cylinder lying on a horizontal plane is in neutral equilibrium.
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Chapter-03: Friction
3.1 Friction

» Whenever one of the body moves or tends to move tangentially with respect to the
surface, on which it rests, the interlocking property of the projecting particles
opposes the motion.

» This opposing force, which acts in the opposite direction of the movement of the
body, is called force of friction or simply friction.

It is of the following two types:

1. Static friction. 2. Dynamic friction.

a. Static Friction: 1t is the friction experienced by a body when it is at rest. Or in
other words, it is the friction when the body tends to move.

b. Dynamic Friction: 1t is the friction experienced by a body when it is in motion. It
is also called kinetic friction.

The dynamic friction is of the following two types:

i. Sliding friction: It is the friction, experienced by-a body when it slides over
another body.

ii. Rolling friction: It is the friction, experienced by a body when it rolls over
another body.

Limiting Friction:

It has been observed that when a body, lying over another body, is gently pushed, it
does not move because of the frictional force, which prevents the motion. It shows
that the force of the hand is being exactly balanced by the force of friction, acting in
the opposite direction. If we again push the body, a little harder, it is still found to be
in equilibrium. It shows that the force of friction has increased itself so as to become
equal and opposite to the applied force.

There is, however, a limit beyond which the force of friction cannot increase. If the
applied force exceeds this limit, the force of friction cannot balance it and the body
begins to move, in the direction of the applied force. This maximum value of
frictional force, which comes into play, when a body just begins to slide over the
surface of the other body, is known as limiting friction. It may be noted that when
the applied force is less than the limiting friction, the body remains at rest, and the
friction 1s called static friction, which may have any value between zero and limiting
friction.

Coefficient of Friction:

It is the ratio of limiting friction to the normal reaction, between the two bodies, and
is generally denoted by p.
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Mathematically, coefficient of friction,
F
=—=(an o or F=uRr
o _ U

where ¢ = Angle of friction,

F = Limiting friction, and

R = Normal reaction between the two bodies.
Normal Reaction:

It has been experienced that whenever a body, lying on a horizontal or an inclined
surface, is in equilibrium, its weight acts vertically downwards through its centre of
gravity. The surface, in turn, exerts an upward reaction on the body. This reaction,
which is taken to act perpendicular to the plane, is called normal reaction and is,
generally, denoted by R and the force of friction is directly proportional to it.

Angle of Friction:

Consider a body of weight W resting on -~ starts sliding down the plane. This angle
an inclined plane as shown in Fig..8.1. -of inclined plane, at which a body just
We know that the body is in equilibrium. * begins to slide down the plane, is called
under the action of the following forces: < the angle of friction. This is also equal

1. Weight () of the body; ‘acting to the angle, which the normal reaction

vertically downwards makes with the vertical.

2. Friction force (F) -acting. upwards R.-_

along the plane, and -._l )

3. Normal reaction (R) acting at right F 1

angles to the plane. o B4
- ﬁ-_

Let the angle of inclination (a) be

gradually increased, till the body just Aoplilll s

Angle of Repose:
» The steepest angle at which a sloping > At this angle, the material on the slope
surface formed of loose material is face is on the verge of sliding.
stable. » The angle of repose can range from 0°
» The angle of repose, or critical angle to 90°.

of repose, of a granular material is the
steepest angle of descent or dip
relative to the horizontal plane to
which a material can be piled without

slumping.
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Laws of Friction:

Prof. Coulomb, after extensive experiments, gave some laws of friction, which may
be grouped under the following heads:

1. Laws of Static Friction
Following are the laws of static friction:

a) The force of friction always acts in a direction, opposite to that in which the body
tends to move, if the force of friction would have been absent.
b) The magnitude of the force of friction is exactly equal to the force, which tends to
move the body.
¢) The magnitude of the limiting friction bears a constant ratio to the normal reaction
between the two surfaces. Mathematically:
F/R = Constant

where F = Limiting friction, and
R = Normal reaction.

d) The force of friction is independent .of the area. of contact between the two
surfaces.
e) The force of friction depends upon the roughness of the surfaces.

2. Laws of Kinetic or Dynamic Friction
Following are the laws of kinetic or dynamic friction:

a) The force of friction always actsin a direction, opposite to that in which the body
s moving.

b) The magnitude of kinetic friction bears a constant ratio to the normal reaction
between the two surfaces. But this ratio is slightly less than that in case of limiting
friction.

¢) For moderate speeds, the force of friction remains constant. But it decreases

slightly with the increase of speed.

Example 8.1. A body of weight 300 N is lyving on a rough horizontal plane having a coefficient
of friction as 0.3, Findthe magnitude of the force, which can move the body, while acting at an angle
of 257 with the horizontal.

Solution. Given: Weight of the body (W) = 300 N; Coefficient of friction (1) = 0.3 and
angle made by the force with the horizontal (o) = 25°

Let F = Magnitude of the force, which ean move R =4
the body, and s bt AifE
F = Force of friction. = l .
Resolving the forces horizontally, 300 N
F=Pcosoo="Pcos 25°=Px 0.9063 Fig. 8.2.

and now resolving the forces vertically,
R=W_-Psin oo =300~ Psin 25°
=300 - P x 34226
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We know that the force of friction (F),
09063 P=uR =03 % (300 -04226 P) =90 - 0.1268 P
or G0 =0.9063 P+0.1268 P=1.0331 P
s T oy Ans.
1:0331
3.2 Equilibrium of Bodies on Level Plane

Equilibrium of a Body on a Rough Horizontal Plane:

We know that a body, lying on a rough horizontal plane will remain in equilibrium.
But whenever a force is applied on it, the body will tend to move in the direction of
the force. In such cases, equilibrium of the body is studied first by resolving the
forces horizontally and then vertically.

Now the value of the force of friction is obtained from the relation:
F=puR

Where n = Coefficient of friction, and
R = Normal reaction

Equilibrium of a Body on a Rough Inclined Plane Subjected to a Force Acting
along the Inclined Plane:

Consider a body lying on a rough inclined plane subjected force acting along the
inclined plane, which keeps it in equilibrium as shown in Fig. 8.8. (a) and (b).

Let W = Weight of the body,
o = Angle, which the inclined plane makes with the horizontal,
R = Normal reaction,
u = Coefficient of friction between the body and the inclined plane, and
¢ = Angle of friction, such that p = tan ¢.

A little consideration will show that if the force is not there, the body will slide down
the plane. Now we shall discuss the following two cases:

1. Minimum force (P;) which will keep the body in equilibrium, when it is at the
point of sliding downwards

v
W
(a} Body at the point of (51 Body at the point of
sliding downwards sliding upwards
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In this case, the force of friction (F; = pw.R;) will act upwards, as the body is at the
point of sliding downwards as shown in Fig. 8.8 (a). Now resolving the forces along
the plane,

Py =W sin o — iR, ...(1)
and now resolving the forces perpendicular to the plane.

R;=Wcos a ...(ii)
Substituting the value of R, in equation (i),

Pi=Wsinoa—p W cosa=W (sin o — p cos o)
and now substituting the value of p = tan ¢ in the above equation,
P, =W (sin o — tan ¢ cos a)
Multiplying both sides of this equation by cos ¢,
P, cos @ = W (sin a cos ¢ — sin ¢ cos o) = W sin (& — @)

sin (o — 0)

B=Wx -
' Cos @

2. Maximum force (P3) which will keep the: body in’equilibrium, when it is at the
point of sliding upwards

In this case, the force of friction (F, = .R,) will act downwards as the body is at the
point of sliding upwards as shown in Fig. 8.8 (b). Now resolving the forces along the
plane,

P;=W sin a + w.R, (1)
and now resolving the forces perpendicular to the plane,

R,=W cos a .. (ii)
Substituting the value of R, in equation (i),

P,=Wsina+ p W cosa=W (sina+ pcosa)
and now substituting the value of p = tan ¢ in the above equation,
P, = W (sin o + tan ¢ cos o)
Multiplying both sides of this equation by cos o,
P, cos ¢ = W (sin a cos ¢ + sin ¢ cos a) = W sin (o + @)

TR L L
- cos o
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Example 8.5. A body of weight 500 N is lying on a rough plane inclined at an angle of
25° with the horizontal. It is supported by an effort (P) parallel to the plane as shown in Fig. 8.9.

3
._..-""--.-ﬁ.\\,-f’-:.-."" =

o ‘-'-
7252 S00N

Fig. 8.9.

Determine the minimwm and maximum values of P, for which the equilibrium can exist, if
the angle of friction is 20°.

Solution. Given: Weight of the body (W) = 500 N ; Angle at which plane is inclined ()
= 25° and angle of friction (¢)= 20°.
Minimum value of P

We know that for the minimum value of P, the body is at th&wpoint of sliding downwards.
We also know that when the body is at the point of sliding downwards, then the force

: L : B _ s
P =W X sin o — Lp}: 500'x sin (25 205) N

cos o cosg 20F
= 500%x PR N TR ssad Ans
cos.20% (0.93497

Maximum value of P
We know that for the maximum yalie of Pithe bodyis at the point of sliding upwards. We
also know that when the body is at the point.of sliding upwards, then the force

(o K sin(25° + 20°
P,:}:,r',},;u:j{mxm( }?\.-'
= cos 0 cos 20°
sin 459 0.7071
=50035% 201 - 500% =3T6A N And.
cos20° 0.9397

Equilibrium of a Body on a'Rough Inclined Plane Subjected to a Force acting
Horizontally:

Consider a body lying on a rough inclined plane subjected to a force acting
horizontally, which keeps it in equilibrium as shown in Fig. 8.13. (a) and (b).

W = Weight of the body,

o = Angle, which the inclined plane makes with the horizontal,

R = Normal reaction,

u = Coefficient of friction between the body and the inclined plane, and
¢ = Angle of friction, such that p = tan ¢.

A little consideration will show that if the force is not there, the body will slide down
on the plane. Now we shall discuss the following two cases:

1. Maximum force (P which will keep the body in equilibrium, when it is at the
point of sliding downwards
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{a) Body at the point of (b) Body at the point'of
sliding downwards shding upwards

In this case, the force of friction (F; = pw.R;) will act upwards, as the body is at the
point of sliding downwards as shown in Fig. 8.13. (a). Now resolving the forces
along the plane,

Py cosa=Wsina—pR; ..(1)
and now resolving the forces perpendicular to the plane,
R;=Wcosa+ P;sina ...(ii)
Substituting this value of R; in equation (i),
Py cos a =W sina — (W cos a +P1 sin a)
= W sin a — uW cos a —uP; sina
Py cos a + pP; sin o = W sin o =W cos a
Py (cos a + p sin a).=W (sin.a. — [ cos o)

P, = WX fsin of ~ U cos o)

fcos o + L sin o)
Now substituting the valuedf | = tan ¢ in the above equation,

P =W x fsin o< tan ¢ cos o)

(cos o + tan O sin o)
Multiplying the numerator and denominator by cos ¢,

sin o cos & — sin ¢ cos o sinf{o — @)
= W —

B =Wx _ : W

, COs C cos § +s1in o sin O cos (o — &)
= Wtan (0. — &) ...(when o >0)
= Wian (0 — o) ..{when § > o)

2. Maximum force (P,) which will keep the body in equilibrium, when it is at the
point of sliding upwards

In this case, the force of friction (F, = uR,) will act downwards, as the body is at the
point of sliding upwards as shown in Fig.8.12. (b). Now resolving the forces along
the plane,

P, cos =W sin a + uR, ...(111)

and now resolving the forces perpendicular to the plane,
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R, =W cos a+P;sina ...(iv)
Substituting this value of R, in the equation (ii1),
P, cos a=Wssina+ p (W cos a+ P, sin a)
=Wsina+p Wcosa+pP,sina
Pycosa—puPysina=Wsina+u W cos a

B e (sin o + W cos o)
T "
' (cos O — |Lsin )
Now substituting the value ot (4 = tan ¢ 1n the above equation,

.. 8in o +tan ¢ cos o
P, =W X .
= COS O — 1an ¢ sin o
Multiplying the numerator and denominator by cos .

§in o cos ¢ +S8in O cos o sin o+
Bo=Wx i - g - =W M}—
B COos O Ccos O — sin O sin o cos (o +0)

= Wian (o + @)

Example 8.9. Aload of 1.5 kN, resting on ainclined rough plane, can be moved up the
plane by a force of 2 kN applied horizontally or by force }.25 kN applied parallel to the plane.
Find the inclination of the plane and theeoefficient qf:f_r?ftfm:.

Solution. Given: Load (W)= 1.5 kN: Horizontal effort (P,) =2 kN and effort parallel to
the inclined plane (P,) =125 kN.

Inelination of the plane
Let o = Inelination of the plane, and

o.=ngle afifriction.

R, R,
N = 25 ¥

i 'E.H,Jri" g
' . h-u*‘t‘-ﬂ*ﬂ
.-.. : ?ﬁ‘.:-ﬂﬁﬂ. »

Fr ™ ¥ s in

= A S =

(@) Horizontal force (k) Force parallel to the plane

Fig. 8.14.

First of all, consider the load of 1.5 kN subjected to a horizontal force of 2 kN as shown in

Fig. 8.14 (a). We know that when the force is applied horizontally, then the magnitude of the force,
which can move the load up the plane.

P=W tan (o + @)
or 2= l.5tan (o +¢)
2
tan (o + ¢)=E=1.333 or (a+@)=353.1°
Now consider the load of 1.5 kN subjected to a force of 1.25 kN along the plane as shown in

Fig. 8.14 (5). We Know that when the force is applied parallel to the plane, then the magnitude of the
force, which can move the load up the plane,
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sin{o + )

P=W=x
cos O
sin 53.1° 0.8 1.2
2 125 =1.5x 22" = 5x -
cos 0 cosd  cos
i) L (1.96
cos 0= E* . or o= 163"
and g =33.1"=163"=30.8" Ans,

Coefficient of friction
We know that the coefficient of friction,
=tan¢=tan 16.3%=0.202 Ans.
o |

tan (o + 0) = ﬁ =1.333 or (o+ ) =53.1°

Now consider the load of 1.5 kN subjected to a forceof 1.25 kN along the plane as shown in
Fig. 8.14(b). We Know that when the force 15 applied parallel to the plarie, then the magnitude of the
force, which can move the load up the plane,

p =Wy (o + 0)
cos O
sin 53,1 (.8 1.2
- 125 =1.5% 22270 3 1 89 N
cos O cpsd  cosd
W] £ 0.96
Q08 Q= —— =1 I h = MH. 3%
| 25 o =16
and o =53.18% 16 3X= 36.8° Ans.

Coefficient of friction
We know that the coefficient of friction,

(=tan¢=tan 16.3% =0.292 Ans.

Equilibrium of a Body on a Rough Inclined Plane Subjected to a Force Acting at
some Angle with the Inclined Plane:

Consider a body lying on a rough inclined plane subjected to a force acting at some
angle with the inclined plane, which keeps it in equilibrium as shown in Fig. 8.17 (a)
and (b).

Let W = Weight of the body,
a = Angle which the inclined plane makes with the horizontal,
0 = Angle which the force makes with the inclined surface,
R = Normal reaction,

pn = Coefficient of friction between the body and the inclined
plane, and

¢ = Angle of friction, such that p = tan ¢.
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A little consideration will show that if the force is not there, the body will slide down
the plane. Now we shall discuss the following two cases:

1. Maximum force (P;) which will keep the body in equilibrium, when it is at the
point of sliding upwards

In this case, the force of friction (F, = uR,) will act downwards, as the body is at the
point of sliding upwards as shown in Fig.8.12. (b). Now resolving the forces along
the plane

P F
R, P R, PE
A8 8. 5Q
A P
7 G
g
T 3 f£_/_f - 1.;;{!‘"* ].-‘ i‘i} 9
iy o o 2 o
= T AN W
() Body at the point of it -Bodyatthe pointof
sliding downwards slidioy upwards

In this case, the force of friction (F; = uR;) will act upwards, as the body is at the
point of sliding downwards as shown in Fig. 8:17 (a). Now resolving the forces along
the plane,

Py cos 6 =W sin a.—pR, ..(1)
and now resolving the forces perpendicular to the plane,
R, =W cosa—P;sin6 ...(11)
Substituting the value of R, in equation (1),
Py cos =W sina—pn (W cos a — Py sin 0)
=Wsina—pWcosa+ pP,sinf
Picos@—pP;sin0=Wsina—pWcosa
Pi(cos 6 — wsin 0) = W (sin o — L cos o)

P =Wx (sin o — [ cos o)

i

(cos B — psin )
and now substituting the value of |t =tan ¢ in the above equation,

(sin o — fan ¢ cos o)
(cos B — tan $ sin B)

B=W X

Multiplying the numerator and denominator by cos ¢,

(sin o cos @ — sin O cos o) _ W x sin (o = ¢)

B =WX —L _
’ {cos B cos O — sin ¢ sin 8) cos (B8 + &)
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2. Maximum force (P,) which will keep the body in equilibrium, when it is at the
point of sliding upwards

In this case, the force of friction (F, = u R,) will act downwards as the body is at the
point of sliding upwards as shown in Fig. 8.17 (b). Now resolving the forces along
the plane.

P,cos0=Wsina+ puR, ...(111)
and now resolving the forces perpendicular to the plane,
R, =W cos a— P, sin 0 ..(1v)
Substituting the value of R, in equation (ii1),
P, cos 6 =W ssin o+ p (W cos a— P, sin 0)
=Wsina+ pWcosa—pP,sinf
P,cos O+ puP,sin®=Wsina+ puWcos a

P, (cos O + psin 0) = W (sin o+ pcos a),
» (sin o + Ll cos o)
(cos 8+ sin @)

P,=W

and now substituting the vaue of p = tan ¢ iw'the abave equation,

{(sin o + tan $eos o)

P=Wx _
5 (cos B + tan* ¢ sin 9}

Multiplying the numerator and dehpminaterby cos ¢,

sirfser Cos O 9sin & cos o CosIn o+
(i cos Q7sin 9cos ) _ . Sin (04 0)

=W %=
icos B cos ¢ + sin Bsin 8) cos (B = &)

2

Example 8.11. Findthe force required to move a load of 300 N up a rough plane, the force
being applied parallel to the' plane. The inclination of the plane is such that when the same load is
kept on a perfectly smoatht plane inclined at the same angle, o force of 60 N applied at an inclination
of 307 1a the plane, keéps the same logd in equilibrium.

Assume coefficient of friction between the rough plane and the load to be equal to 0.3,

Solution. Given: Load (W ) = 300 N; Force (P,) = 60 N and angle at which force is
inclined (8) = 30°, ‘

Let o= Angle of inclination of the plane.

First of all, congider the load lying on a smooth plane inclined at an angle (o) with the
horizontal\and subjected to a force of 60 N acting at an angle 30° with the plane as shown in Fig.
B.18 (a).

6l N
"
30° A
ot '
P.I-ﬁ-—_'i_ e =
—T j:n:'__ _____
v
300N 300N
(@) Smooth plane (#) Rough plane
Fig. 8.18.

We know that in this case, because of the smooth plane =0 or d = 0. We also know that
the force required, when the load is at the point of sliding upwards (P),
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sinio + o) sin o :
60 =W xS+ _ oo =300x 22 % _ 3464 sin o
cos(B — &) cos 30° (.866

=0

or sin o = ﬁﬂ4 =0.1732 or o= 107

Now consider the load lving on the rough plane inclined at an angle of 10° with the horizontal
as shown in Fig. 8.18. (b). We know that in thiscase, p =03 =tan ¢ or b= 16.7°.

We also know that force required to move the load up the plane,

in(o + in (10° + 16.7°)
Py Snle Q) _ 200 x S0 (10° + 16.7°) N
cos 0 cos 16.7°
. . J
=300 x 20 2677 _ 4 0.4493

B AN Ans
oas 16.7° 0.9578 %

Alternative method
Ist case
Given: Inthis case load (P) = 60 N; Angle (8) = 30° and force-offriction F =0 (because of
smooth plane). Resolving the forces along the inclined plane,
60 cos 30° = 300 sin o

: 60 cos 307 60 x1L5866
sin o = =

=0:4732 G o= 1"

300 300
2nd case
Given: In this case, coefficient of friction (3 = 0.3 =¥dn¢ or 0 =16.7°
Let P = Force required to move the 1oad up the plane,

R = Normal reaction, dnd
F = Force of fricioh equéal'to (0.3 R.
Resolving the forces along the plahe,

P=F +300sin 10¢= 0.3 R #(300 x 0.1732) =03 R+51.96N <)
and now resolving the forces apfight angles to the plane,
R =300 ces 1 = 300'x 09849 = 2955 N .o h i)

Substituting the yalte of R in equation (i),

P=(0.3x2955)+5196=140.TN Ans.

Example 8.3. Two blocks Adnd B of weights I kN and 2 EN respectively are in equilibrivum
pogition as showa in Fig, 8.4.

\
Ei:
H

Fig. 8.4.

If the coefficient of friction between the two blocks as well as the block B and the flooris 0.3,
find the force (P) reguired to move the block B.

Solution. Given: Weight of block A (W,) = 1 KN; Weight of block B (W,) = 2 kN and
coefficient of friction () = 0.3.

z P
", e R e
A 300 i
i
e PJ:_L l E—l
b J
S T Figper— oS
Y
KN+ R,
(a) Block A (5) Block B

Fig. 8.5.
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The torces acting on the two blocks A and B are shown in Fig. 8.5 {a) and (b) respectively.
First of all, consider the forms acitng in the block A.

Resolving the forces vertically,
R, +Tsin30°=1 kN

ot Fain 3P =1— R, &A1)
and now resolving the forces horizontally,
Teos30°=F, = uR, =0.3R, oL i)
Dividing equation (i) by (i)
Tsin30° 1-R o TRy
Teaae® pag, ¢ Wdsees
05774 = =B 0.5774 x 03R,;=I-K
[ — or s WA EC 8 4 i = 1= i
03R -' =
or 0173 R, =1-R, ot I.173R =)
| : :
or R, = e 0.85 kN
and F,=uR, =03x0.85 =0.255 kN (i)

MNow consider the block B. A little considerationAwill show that thedownward force of the
block A (equal to R,) will also act alongwith the weight of the block B.

Resolving the forces vertically,
R,=2+4 R =2+0385=285kN
Fy= uR,=03%2.835=10.855 kN e kEV)
and now resolving the forces horizontally,
P=Fp+ F,=0.255 + 0855 = 1.11 kN Ans.

3.3 Ladder
Ladder Friction

The ladder is a device for climbing or scaling on the roofs or walls. It consists of two
long uprights of wood, iron or rope connected by a number of cross pieces called
rungs. These running serve as steps. Consider a ladder AB resting on the rough
ground and leaning against a wall, as shown in Fig. 9.1.

As the upper end of the ladder tends to Fid
slip downwards, therefore the direction

R3]
=
=

iy

of the force of friction between the E"'E

ladder and the wall (F,) will be B

upwards as shown in the figure. E‘-.ITE

Similarly, as the lower end of the E De %

ladder tends to slip away from the wall, By Aﬂln i
il

therefore the direction of the force of
Fig, 9.1. Ladder friction
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friction between the ladder and the Since the system is in equilibrium,

floor (Fy) will be towards the wall as therefore the algebraic sum of the

shown in the figure. horizontal and vertical components of
the forces must also be equal to zero.

Note: The normal reaction at the floor (Ry) will act perpendicular of the floor.
Similarly, normal reaction of the wall (R,) will also act perpendicular to the wall.

Example 9.1. Auniform ladder of length 3.25 m and weighing 250N is placed against a
smaooth vertical wall with its lower end 1.25 m from the wall. The coefficient of friction between the
ladder and floor is 0.3.

What is the frictional force acting on the ladder at the point of contact between the ladder and
the floor? Show that the ladder will remain in equilibrium in this position.

Solution. Given: Length of the ladder (I) = 3.25im; Weight ofche ladder (w) = 250 N;
Distance between the lower end of ladder and wall = 1.25 m and coefficient of friction between the
ladder and floor (pf} =1{).3.

Frictional force acting on the ladder.
The forces acting on the ladder are shown in/Fig. 92

let F,= Frictional forceacting onthe ladder at the
Point of contact between the ladder and
floor; and

R,= Normal reaction at thewfloor.

Since the ladder is placed against & smoeth vertical 'wall, therefore
there will be no friction-at the pointoficontact between the ladder and wall.
Resolving the torces vertically,

=750 N
Rj' 450 N

From'the geometryof the figure, we find that

BC = /(3257 - (1257 =3.0m
Taking moments about Band equating the same,
Fox 3 =(R:x 1.25) - (250 x 0.625) = (250 x 1.25) - 156.3 = 156.2 N

_ 1562

F,.= =52.IN Ans.

Example 9.3. A uniform ladder of 4 m length rests against a vertical wall with which it
makes an angle of 45°. The coefficient of friction between the ladder and the wall is 0.4 and that
between ladder and the floor is 0.5. If a man, whose weight is one-half of that of the ladder ascends
it, how high will it be when the ladder slips?

Solution. Given: Length of the ladder (/) = 4 u; Angle which the ladder makes with the
horizontal {ct) =45%; Coefficient of friction between the ladder and the wall (u =04 and coefficient
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of friction between the ladder and the floor (U Jr} =k,

The forces acting on the ladder are shown in Fig. 9.4.

Let x = Distance between A and the man,
when the ladder is at the point R,
of slipping.
W = Weight of the ladder, and
R.=Normal reaction at floor.
Weight of [he.man
W
= 05w
We know that frictional foree at the floor,
Fi=W R=05R, D)
and frictional force at the wall,
F,=l R .=04R (D)
Resolving the foreces vertically,
R+ F =W+05W=15W - HiT)
and now resolving the forces horizontally,
R =F=05R  r Q=20
Now substituting the values of R and'F in eglation (i),
2R +04R =15W
R = AW 0625 W
24
and F =04R, =04x0.625W=025W L)
Taking moments about A and equating the same,
(W x2 cos 45%)000.53 Wx xcos 45°)
= (Ru_ * dgind5%) + (Fu x4 cos45%)
Substituting values of R and F, from equations (iff) and (fv) in the above equation,
(Wx2cos 45°) + (0.5 Wix xcos 457)
= (0.625 Wx 4sin 457) + (0.25 W x 4 cos 45%)
Dividing both sides by (W sin 45%)%,
2+05x=25+41=35
puso =2 am, Ans.
Wedge Friction
A wedge is, usually, of a triangular or tightening fits or keys for shafts.
trapezoidal in cross-section. It is, Sometimes, a wedge is also used for
generally, used for slight adjustments lifting heavy weights as shown in Fig.
in the position of a body i.e. for 9.10.
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It will be interesting to know that the
problems on wedges are basically the
problems of equilibrium on inclined

planes. Thus these problems may be Body

solved either by the equilibrium B

method or by applying Lami’s 4 [ <]
theorem. Now consider a wedge ABC, i . Wedge

[t

which is used to lift the body DEFG.
Fig. 9.10.

Let W = Weight of the body DEFG,
P = Force required to lift the body, and
u = Coefficient of friction on the planes AB, AC and DE such that
tan ¢ = .
A little consideration will show that when the force is sufficient to lift the body, the

sliding will take place along three planes AB, AC and DE will also occur as shown in
Fig. 9.11 (a) and (b).

E F
| }
R
o N R,
Vi o) B
/[ 0D & G B 1 P
5 A =
4 ‘I'Q _ ,l_[ {
i d] {
R, R, ;
{a) Forces on the body DEFG (@) Forces on the wedge ABC

Fig. 9.11.

The three reactions and the horizontal force (P) may now be found out either by
graphical method or analytical method as discussed below:

Graphical method

a. First of all, draw the space diagram for the body DEFG and the wedge ABC as
shown in Fig. 9.12 (a). Now draw the reactions R;, R, and R; at angle f with
normal to the faces DE, AB and AC respectively (such that tan ¢ = u).

b. Now consider the equilibrium of the body DEFG. We know that the body is in
equilibrium under the action of

(a) Its own weight (W) acting downwards
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(b) Reaction R, on the face DE, and
(c) Reaction R, on the face AB.

Now, in order to draw the vector diagram for the above mentioned three forces, take
some suitable point / and draw a vertical line Im parallel to the line of action of the
weight () and cut off Im equal to the weight of the body to some suitable scale.
Through / draw a line parallel to the reaction R;. Similarly, through m draw a line
parallel to the reaction R,, meeting the first line at n as shown in Fig. 9.12 (b).

i F "
RI
K, A
/
] !
% o R A
L B 2
| R:T'nﬁ G o P R W
3 | S—r e : |
4 AA—T Y10 >
——— i ' . N ‘.
1 -Il—f . ] 1
o 9 C %
R0 frd
{a) Space diagram (H) Mector diagram
Fig. 9:12.

c. Now consider the equilibrium of the wedge ABC. We know that it is equilibrium
under the action of
1)  Force acting on the wedge (P),
i1) Reaction R, on the face AB, and
ii1)  Reaction R; on the face AC.

Now, in order to draw the vector diagram for the above mentioned three forces,
through m draw a horizontal line parallel to the force (P) acting on the wedge.
Similarly, through » draw a line parallel to the reaction R; meeting the first line at O
as shown in Fig. 9.12 (b).

d. Now the force (P) required on the wedge to raise the load will be given by mo to
the scale.

Analytical method

a. First of all, consider the equilibrium of the body DEFG. And resolve the forces W,
R, and R, horizontally as well as vertically.

b. Now consider the equilibrium of the wedge ABC. And resolve the forces P, R, and
R;horizontally as well as vertically.
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Example 9.6. A block weighing 1500 N, overlying a 10° wedge on a horizontal floor and
leaning against a vertical wall, is to be raised by applying a horizontal force to the wedge.

Assuming the coefficient of friction between all the surface in contact to be 0.3, determine
the minimuwm horizontal force required to raise the block.

Solution. Given: Weight of the block (W) = 1500 N; Angle of the wedge (a)= 10" and
coefficient of friction between all the four surfaces of contact (u) =03 =tan¢ or ¢=16.7°.

Let P =Minimum horizontal foree required to raise the block.

The example may be selved graphically or analytically. But we shall solve it by both the
methods.

i
(Q R
O Tl
4 G ST
Vs L) >l
NS
7 R % T
Ry o N, [ 1500N
Gl R
] P m
{7} Space diagram {(h) Vector diagram

Fig.®.13.
Graphical meihod

I. First of all, draw thespace diagram for the block DEFG and the wedge ABC as shown in
Fig. 9.13 (a). Now.draw redctions R R, and R, at angles of ¢ (i.e. 16.7° with normal to
thetaces DE, AB and AC respectively.

2. ‘Take somesnitable point [, and draw vertical line Im equal to 1500 N to some suitable
scale (pepresenting the weight of the block). Through [, draw a line parallel to the
reaction R,. Similarly, through m draw another line parallel to the reaction R, meeting
the first line at n.

3. Now through m, draw a horizontal line (representing the horizontal force P).
Similarly,throngh n draw a line parallel to the reaction R meeting the first line at O as
shown in Fig. 9.13(b).

4. Now measu;ing mo to the scale, we find that the required horizontal force

P=1420N. Ans,
Analvtical method

R,=1977N
\‘,ﬁ?ﬁl B

b

P

Aﬁ

] ﬁ}l_ c.‘ iy . 3
Il. B ,"" i
R, R} g.:
(a) Block DEFG (h) Wedge ABC
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First of all, consider the equilibrium of the block. We know that it is in equilibrium under
the action of the following forces as shown in Fig. 9.14 (a).
. Its own weight 1500 N acting downwards.
2. Reaction R, on the face DE.
3. Reaction R, on the face DG of the block.

Resolving the forces horizontally,
F:‘_, cos (16.77) = R: sin (10 + 16.7%) =R1 §in 26.7°
R, x0.9578 = R, x 0.4493
or R,=2.132 R,
and now resolving the forces vertically,
R xsin (16.7°) + 1500 = R, cos (10° + 16.7°) = R, c0s 26.7°

R, x 02874 + 1500 =R, x 0.8934 =(2.132 R )0.8934

= 1.9035 R, «(Ry=2,132R))
R,(1.905 - 0.2874) = 1500
{I
= L3op =927.3 N
1.6176
and R,=2132 R, =2.132 x 9273 = D77 N

2
Now consider the equilibrium of the wetdge. We kngw that it is/in equilibrium under the
action of the following forces as shown in Fig. 9. 14(b).
1. Reaction R, of the block on the wedge.

3. Reaction R, onthe face AC of the wedge.

2. Force (P) acting horizontally, ard

Resolving the forces vertically,
R3 cos 16.7° = Rz cos (10>% 16.7°)y= Rz cos 20.7°
R, x (0.957T8 =R, x 0.8934 = 1977 x (.8934 = 1766.2
1766.2 :
T W
and now resolving the forces horizontally,
P=FR,sin (10° + 16.7°) + R, sin 16.7° = 1977 sin 26.7° + 1844 5in 16.7° N
= (1977 x 0.4493) + (1844 x 0.2874) = 14183 N Ans.

Advantages of Friction:

» Friction between our shoes and the ground helps in running and walking on the

ground or the floor.
» We cannot fix nail in the wood or wall if there is no friction. It is friction which

holds the nail.
» A horse cannot pull a cart unless friction furnishes him a secure Foothold.
» We can write with pencil or pen on the paper on the board using friction.
» Cars or other vehicles uses friction (Breaks) to stop the vehicle.
» Coffee mug stays on the dashboard
» Shuffling across a carpet to shock someone.
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» Dragging of atmosphere with earth is possible.
» Helps to pevents the life on earth by burning astroids.

Disadvantages of Friction:

» The main disadvantage of friction is that it produces heat in various parts of
machines.

» In this way some useful energy is wasted as heat energy and the machine
efficiency is decreased.

» Due to friction we have to exert more power in machines.

» It counteracts movement and so it takes more energy to move.

» Due to friction, noise is also produced in machines.

» Due to friction, engines of automobiles consume more fuel which is a money loss.

» Friction makes wear and tear of the machinery

» Friction causes heat and cause energy loss.

» Forest fires are caused due to friction between branches of trees
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Chapter-04: Centroid & Moment of Inertia
4.1 Centroid

» The centre of area of plane figures (like triangle, quadrilateral, circle etc.) is known
as centroid.

» The method of finding out the centroid of a figure is the same as that of finding out
the centre of gravity of a body.

Centre of Gravity by Geometrical Considerations

. The centre of gravity of uniform rod is at its middle point.

I
D e % _Hr_“ A
T [ 1 = N
- A
B , S it \
, sy AL |
"xH : f{"" 2 f",_-;“ .ﬂyl' i
> b . R N\, S
ey i N
- - 4 N 1 S
e e o J 55
¥ &8 | Sy
= A 3 £ b : T,
A B D £
= ! >
Fig. 6.1. Rectangle Fig. 6.2 Triangle
9

The centre of gravity of arectangle (or a parallelogram)is at the point, where its diagonals
meet each other. It is also a middle point ©f the length as well as the breadth of the rect-
angle as shown in Fig. 6.1.

3. The centre of gravity of ajiiangle {5 at the point, where the three medians (a medianis a
line connecting the vertex and middle point of the opposite side) of the triangle meet as
shown in'Fig. 6.2.

4. The centre of geavity of a trapezium with parallel sides a and b is at a distance of

W [(b+2a) _ _ =
' | measured form the side b as shown in Fig. 6.3.

3 Lbta )
2 oy : ; 4r ;
5. The centre of gravity of a semicircle is at a distance of 3 from its base measured along
T
the vertical radius ag shown in Fig. 6.4.
——  —pi c
T t T
{ | |
1 h - .
A o \ :
G e e ; I b
_.-”I ¢ 1 3 horb+2a 4 }-f -------- +G
£ h L 3 + ¢ ET I \ B
bt b E T ’Lffi Gl-{— P ]
Fig. 6.3. Trapezium Fig. 6.4. Semicircle
6. The centre of gravity of a circular sector making semi-vertical angle o is at a distance
C2rsino :
of = from the centre of the sector measured along the central axis as shown
o
in Fig. 6.5.
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!
a i >
y !
‘L i N
Y - (7
ﬁ |III ____..._...._i ______ 'll'u
i
ey e il
e — ]
Fig. 6.5. Circular sector Fig. 6.6. Hemisphere

{
7. The centre of gravity of acube is at a distance of q from every face (where lis the length

of each side). i
8. The centre of gravity of a sphere is at a distance of 5 from everyepoint (where d is the
diameter of the sphere). :
. . . . 3 A0
9. The centre of gravity of a hemisphere is at a distarice of _8£ ftom its base, measured along

the vertical radius as shown in Fig. 6.6.

e T S T ¢
4 VR N o DA AP IR B
4 : ".___.... ‘E‘f ‘-" ’4!"(/%’:""'"“\._ ______ *_ N
g ’ + RS C 3r-h)
{ : b ! Y4 3r—h
] R = o AN = e T
1 % 1
i = Y \ v PR
- e — ——— /% “ _I"
%a_.’f__._._._._;___._j _‘; v
Fig. 6.7. Right circular selid cone Fig.6.8. Segment cf a sphire

10. The certre of gravity of right circular solid cone is at a distance of pra from its base,
measured along the vertical axis as’shown in Fig. 6.7.

| . 3 (2r—hY
117 The centre of gravity of a segment of sphere of a height & is at a distance of 3 H

=
from the centre of the sphere measured along the height. as shown in Fig. 6.8.

Centre of Gravity by Moments

The centre of gravity of a body may also be found out by moments as discussed below:

Y -
__71'\_--'_ = = -
P d s 8 =
S \
.'; r_\_j‘/ /.f|x |\\‘ £
)
| Ly j/*\\{\ |
Vi "/'Jl\:l{\ /
N | 4
R N -
[*—a.l__ N _
X | X
O «»
X
X3
-
. 4
¥

Fig. 6.9. Centre of gravity by moments

49


DELL
New Stamp


Consider a body of mass M whose centre of gravity is required to be found out. Divide the
body into small masses, whose centres of gravity are known as shown in Fig. 6.9, Let my, My, M.l
etc. be the masses of the particles and I[_r!, J"i}* I[xg, yz}, {xs' -'":3]" ...... be the co-ordinates of the centres
of gravity from a fixed point O as shown in Fig. 6.9.
Letx and ¥ be the co-ordinates of the centre of gravity of the body. From the principle of
moments, we know that
MI=SPL X+ My X+ P X,

= Xmx
or x=
M
o _ ZImy
Similarly v=
v ;‘rf
where M= My + My + M+ .

Axis of Reference

» The centre of gravity of a body is always calculated with reference to some
assumed axis known as axis of reference.

» The axis of reference, of plane figures, is generally taken as the lowest line of the
figure for calculating y and the left line of the figure for calculating x .

Centre of Gravity of Plane Figures

The plane geometrical figures (such as T-section, I-section, L-section etc.) have only
areas but no mass. The centre of area of such figures is known as centroid, and
coincides with the centre of gravity of the figure.
Let x and y bethe co-ordinates of the centre of gravity with respect to some axis of reference,
then

¥ =
ﬂ} F Hz . il ﬂ3
_ Ly Yy /T Ve '5'(1-»}3"' ........
IS i e e il
and = :
£y "‘HE 1 -I'.’J} G
where a,, ., (..o etc., are the areas into which the whole figure is divided x , x,, >

5

are the respective co-ordinates of the areas a,, d,, ty.nn.. on X-X axis with respect to same axis of
reference.

Yis Vg3 Pgrossvas etc., are the respective co-ordinates of the areas @, dy, @5, on ¥-¥ axis with
respect to same axis of the reference.

Note. While using the above formula, x;, X, X; ... 08 ¥, ¥5, ¥ or ¥ and'j must be measured
from the same axis of reference (or point of reference) and on the same side of it. However, if the
figure is on both sides of the axis of reference, then the distances in one direction are taken as positive
and those in the opposite directions must be taken as negative.
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Centre of Gravity of Composite Figures

The plane geometrical figures (such as T-section, I-section, L-section etc.) have only
areas but no mass.

a) Centre of Gravity of Symmetrical Sections: The given section is symmetrical
about X-X axis or Y-Y axis. In such cases, we have only to calculate either x or y.
This is due to the reason that the centre of gravity of the body will lie on the axis
of symmetry.

Example 6.1. Find the centre of gravity of a 100 mm x 150 mny'x 30 mm T-section.

Solution. As the section is symmetrical about Y-Y axis, bisecting the'web, therefore its
centre of gravity will lie on this axis. Split up the section into two

},
rectangles ABCH and DEFG as shown in Fig 6.10.
H—l{][} mm—H Bi
Let bottom of the web FE be the axis of reference, 7 3 =
; [ :_ / | 30 mm
(i} HRectangle ABCH H ¢ | V[D ¢ T
2
a, = 100 x 30 = 3000 min? 158 Him [
|
307 g
4 vy =150 - = | = 135mm i
l\ 2 S :
(i) Rectangle DEFG Y - _FH' :_ "
a, = 120 x 36 = 3600 fm> } i
20 Fig. 6.10.

and vy = — =60 mm
G 2
We know that distance between centre of gravity of the section and bottom of the flange FE,

SomyeEdy, (3000 x135) + (3600x 60)
;= == mt
A 3000 + 3600

=094.1 mm Ans.
Example B.3. An [-sectionhas the following dimensions in mm units :
Bottom flange = 300 = 100
Top flange = 150 x 50
Web = AT w5
Determine mathematically the position of centre of gravity of the section.

Solution.As the section is symmetrical about ¥-¥ axis, bisecting the web, therefore its centre

of gravity will lie on this axis. Now split up the section into three
rectangles as shown in Fig. 6.12. i _H 15ﬂlmm il
Let bottom of the bottom flange be the axis of reference. 50 mm_ | : :
(i) Bottom flange T :
@, =300 x 100 = 30 000 mm* .i
i 300 mm :
and W= 50mm l —» ! «—50mm
i
(if) Web =
i, =300 x 50 = 15 000 mm? 100 mm; :
300 :
and ¥, = 100+ i 250 mm * f€— 300 mm —w»|
Fig. 6.12.
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(it} Top flange
ay = 150 x 50 = 7500 mm?

50
and ¥7 =100 + 300 + 5 = 425 mm

We know that distance between centre of gravity of the section and bottom of the flange,

Yy Ty Yo T A3 ¥

} =
a + day + das
_ (30000 x 50y + (15 000 x 250) + (7500 x 425)
- 30 000 + 15 000 + 7500
Example 6.2. Find the centre of gravity of a channel section 100 mm x S0amm x 15 mm.
Solution. Asthe section is symmetrical about X-X axis, therefore its centre'of gravity will lie

on this axis. Now split up the whole section into three rectangles ABFJ, EGK{ and CDHK as shown
in Fig. 6.11.

Let the face AC be the axis of reference.

(i) Rectangle ABFJ
a, =50 x 15 = 750 mm?

=160.7 mm Ans.

)
X =— =25 mm
A 3

and 2
(i) Rectangle EGKJ | A0 mmy{p ¥
a,=(100- 30) x 15 =.1050 mm? & ; L5 mm
15 ) E F T
and ey i 7.5 mm
= 100 mm
(iif) Rectangle CDHK L mniie W e A
ay =50 %15 = 750mm?> e
' ; G H
) il
and Xp= % =23 mm | _Y_K
We know that distance between the centre of gravity of the & D
sectionand left face of the section AC, Fig. 6.11.

. HE Xy + 4y Xa +ﬂ;'5 eE
T = i T E5Ead

iy +ﬂ3 +ﬂ_‘5

(750 % 25) + (1050 x 7.5) + (750 x 25)
3 730 + 1050 + 750

b) Centre of Gravity of Un-Symmetrical Sections: The given section is not

symmetrical either about X-X axis or Y-Y axis. In such cases, we have to calculate

both x and y. This is due to the reason that the centre of gravity of the body will lie

on the axis of symmetry.

= [7.8 mm Ans.

Example 6.4. Find the centroid of an unequal angle section 100 mm x 80 mm x 20 mm.

Solution. As the section is not symmetrical about any axis, therefore we have to find out the

values of x and ¥ for the angle section. Split up the section into two rectangles as shown in
Fig. 6.13.

Let left face of the vertical section and bottom face of the horizontal section be axes of
reference.
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(i) Rectangle | —b{ |<—2[} mim

a, = 100 x 20 = 2000 mm? * [
g i @

2

[0 mm
and ¥, = @ = 50 mm
g
(i) Rectangle 2 = | _+_

ay = (80 —20) x 20 = 1200 mm? i & ©) | Ekmm

x, =20+ — =50 min
} 2 Fig. 6.13.

20

and Yo 100 mm

We know that distance between centre of gravity of the section aiidlett face,
dy X+ dy Xy (2000 x 10y =+ (1200 x 50)
a; + 2000 + 1200

Similarly, distance between centre of gravitiof the section.and bottom face,

X=

=25 mm Ans,

@y +ayy, _(2000% SOFE (1208% 10)
dy+ ds 2000 + 1260

y= =35mm  Ans.

Example 6.5. A uniform lamina shown in Fig' 6.14 consists of a rectangle, a circle and a

tricngle.
~>[ 25| 25 rq—
mm A i T

.

+[25 lnmk— 50 mm —)-! i 50 mm
I i’

50 mm

v

|
I
b

1Y
%

S
R n |

|
!
I
: }(7“}0 mm
]4—125 mim

Fig. 6.14.

Detepiine the centre of gravity of the laming. All dimensions are in mimn.

Solution. Asthe sectionis not symmetrical about any axis, therefore we have to find out the
values of both ¥ and ¥ for the lamina.

Let left edge of circular portion and bottom face rectangular portion be the axes of reference.
(i) Rectangular portion
a, = 100 x 50 = 5000 mm?
100
x=28+ % =75 mm

50
and W= B = 25 mm
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(if) Semicircular portion

fy = —%F =EES =982 mm
253 2[ J
4 4 x 25
o e D e
- In In
and Vi = ? =25 mm

(ifti) Triangular portion

5 )
20X 50 = 1250 mm~

ty

xy= 254+ 50+ 25 = 100 mm

50
and ¥y =50+ = = 66.7 mm

We know that distance between centre of gravity of the section and left-edge of the circular
portion,
@ X+ X +azx; _ (S0007% T5) + (982 14.4) + (1250 % 100)
ay + ds + iy 5000 + 9824 1250

I=

=71.1 mim Ans.
¢) Centre of Gravity of Sections with Cut.Qut Holes: The centre of gravity of such
a section is found out by considering the main section, first as a complete one, and
then deducting the area of the cut out hole i.e., by taking the area of the cut out hole
as negative. Now substituting a, (i.e., the area of the cut out hole) as negative, in the
general equation for the centre of gravity, we get.

F=hh— G and sLNn—%
L N -
ye=ily HE_QE

Example 612. A squaréhole is punched out of circular lamina, the digonal of the square
being the radiusof the circle®as shown in Fig.6.22. Find the centre of gravity of the remainder, if r
is the radius of the circle.

Sofution. As the sectionis symmeétrical about X-X axis, therefore its centre of gravity will lie
on thisaxis. Let A be the point of referénce.

() Main circle

5
a, =Ts
and g .4_..‘_;- ...’...H
@y Cut out square &l
X 9 N
iy = =05r b
i} 2 e _
and n=r+ 5 =15 Fig. 6.22.

We know that distance between centre of gravity of the section and A,

ax—a % (mrixe) = (05 x1.50)

= 2
-ﬂ:—'-ﬂz Er——ﬂ.ﬂr_

ri(m = 0.75) _ r(n - 0.75)
ri(x — 0.5) r - 0.5

Ans.
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Example 6.14. A semicircular area is removed from a trapezium as shown in Fig.6.24
(dimensions in mm)

30

v R
[ 40— ft—40—»]

Fig. 6.24.

™%

Determine the centroid of the remuaining area (shown hatched).

Solution. As the section in not symmetrical about anyaxis, therefare we have to find eut the
values of yand y for the area. Split up the area into three parts as showninFig. 6.25. Let left face and
base of the trapezium be the axes of reference.

(i) Rectangle .
@y =80 x 30 = 2400 mm* i
80 B W
Tt 40 mm V= s
30 T @ Em=
and = 15 mm 30 > 9
(ify Triangle - i ’_ _!-' €)] v
i i = 1200 mm-~ € 40— {40 —»]
2 Fig. 6.25.
Xy = 20X 203 53.3.thm
Z 3
and va= 30+ 33—” = 40 mm

Cii)  Semicircle
14 T /
di= =% r’=2(20)" = 628.3 mm*

“

x3=4{}+£=ﬁ{} mm

and ¥y =—=——=835 mm

We know that distance between centre of gravity of the area and left face of trapezium,

@+ —asx; (2400 x 40) + (1200 x 53.3) - (628.3 x 60)
a+ - o 2400 + 1200 — 628.3

I=

=41L.lmm  Ans
Similarly, distance between centre of gravity of the area and base of the trapezium,
— @V tdava—dazyy (2400 x15) + (1200 x 40) — (628.3 x 8.5)
P avwmewm 2400 + 1200 — 628.3
=265 mm  Ans.
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Example 6.13. A semicircle of 90 mm radius is cut out from a trapezium as shown in Fig 6.23

T
20 mm / / : i

i E
f— 300 mm—————

Fig. 6.23.
Find the position of the centre of gravity of the figure.

Solution. Asthe sectionis symmetrical about ¥-Y axis, therefore its centre of gravity will lie
on this axis. Now consider two portions of the figure viz., trapezium ABCD and semicircle EFH.

Let base of the trapezium AB be the axis of reference.

() Trapezium ABCD

200 + 300 4
Vo ————— = 30 (M)

a,= 12

120 [300+ 2% 200
= - 5 =56 i

3 7| 300+ 2004

and M

(ify Semicircle

g:=%>< ;r:r3=%>< X (90)° = 4050 * mm?
. _d4r 7 4x90 120
and T I r:

We know that distance between centre of gravity of the section and AB,

ITMTY

!r" 7 R
(30 000 X 56) — | 40507 1“‘“’/}
F=a!}§_a3 Y2 i T 7 mm

ay — ds 30000 — 40507
=69.] mm Ans.

4.2 Moment of Inertia

» moment of a force (P) about a point, is the product of the force and perpendicular
distance (x) between the point and the line of action of the force (i.e. P.x). This
moment is also called first moment of force..

» If this moment is again multiplied by the perpendicular distance (x) between the
point and the line of action of the force i.e. P.x (x) = Px’, then this quantity is
called moment of the moment of a force or second moment of force or moment of
inertia (briefly written as M.1.).

» Sometimes, instead of force, area or mass of a figure or body is taken into
consideration.

Moment Of Inertia of a Plane Area

Consider a plane area, whose moment of inertia is required to be found out. Split up
the whole area into a number of small elements.
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Let BBy = Areas of emall elements, and

Fis Fas Fay ... = Corresponding distances of the elements from the line about
which the moment of inertia is required to be found out.

Now the moment of inertia of the area,

il :‘ 3
f=aJ.P'} +asry +agr +..

=T ar
Units
The units of moment of inertia of a plane area depend upon the units of the area and
the length. e.g.,
1. If area is in m” and the length is also in m, the moment of inertia is expressed in
m”,
2. If area in mm” and the length is also in mm, then moment of inertia is expressed in
mm*

Methods for Moment Of Inertia

a) Moment Of Inertia by ROUTH’S Rule: 1t The Routh’s Rule states, if a body is
symmetrical about three mutually perpendicular axes, then the moment of inertia,
about any one axis passing through its centre of gravity is given by:

A (apM) = § L
TS ... (For a Square or Rectangular Lamina)

3
Afor M) =S : o WL
f= ——-T-—-— ... (For a Circular or Elliptical Lamina)
A(ard)x §
{= —5— ... (For a Spherical Body)
where A = Area of the plane area

M = Magss of the body, and

§ = 5um of the squares of the two semi-axis, other than the axis, about
which the moment of inertia is required to be found out.

b) Moment of Inertia by Integration:
Consider a plane figure, whose y = Distance of the centre of gravity
moment of inertia is required to be of the strip on Y-Y axis.

found out about X-X axis and Y-Y axis y

as shown in Fig 7.1. Let us divide the
whole area into a no. of strips.
Consider one of these strips.

Let dA = Area of the strip

x = Distance of the centre of gravity
of the strip on X-X axis and X

bt
"
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We know that the moment of inertia of the strip about Y-Y axis
=dA . x°
Now the moment of inertia of the whole area may be found out by integrating above
equation. i.e.,
Iyy=Y dA . x°
Similarly Ixx=Y dA .y’
Moment Of Inertia of a Rectangular Section

Consider a rectangular section ABCD as shown in Fig. 7.2 whose moment of inertia
is required to be found out.

A Y B d = Depth of the section.

Now consider a strip-PQ of thickness
dy parallel to X-X axis and at a
distance y from it as shown in the
X[~""""° 3 f “=1X d figure

~Area of the strip = b.dy

We know that moment of inertia of the

n }‘.‘i-‘ c X strip about X-X axis,
[« b—>" = Area x y* = (b. dy) y°
Let b= Width of the section and =b.y". dy

Now *moment of inertia of the whole section may be found out by integrating the
above equation for the whole length of the lamina i.e. from —d/2 to +d/2.

) o
I..= rb. voidy = b i }'3 cly
_d _a
> . E | N |
L ¥ ]2 (d/2y  d/2y | bd®
7 1 3 3 12
g ab’
Simuilarly, fyp = E

Example 7.1. Find the moment of inertia of a rectangular section 30 mm wide and 40 mm
deep about X-X axis and Y-Y axis.

Solution. Given: Width of the section () = 30 mm and depth of the section (d) =40 mm.

We know that moment of inertia of the section about an axis passing through its centre of
gravity and parallel to X-X axis,

bd® 30 % (40)°
Iy = = S 160 % 10° mm* Ans.
12 12
db’ 40 x (30

12 12

=90x% 1 mm* Ans.

Simularly lyy =
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Moment Of Inertia of a Hollow Rectangular Section

Consider a hollow rectangular section, . Y B

in which ABCD is the main section and ) : | ‘ T

EFGH is the cut out section as shown in A E F N

Fig 7.3 1 : g

Let X_““""i""_"-_.-i’

b = Breadth of the outer rectangle, /,"""— b —»

d = Depth of the outer rectangle and ( LHY :r £ v
- 7ol Y AR

by, d; = Corresponding values for the }4—-—} b —h-‘ ‘

cut out rectangle.

We know that the moment of inertia, of the outer rectangle ABCD about X-X axis
bd’ .
= 5 i)
and moment of inertia of the cut out yectangle-E FGH
about X-X axis

by di
= «KET)
12
ML.L of the hellow rectangular section abount X-X axis;

L, = ML of rectangle ABCD —M.1L. of rectangle EFGH

_bd Ok d]
AP
db’d, B
Similarly, = 1_7 2 ii"J

Example 7.2. Find the moment of inertia of a hollow rectangular section about its centre
of gravity if the external dimensions are breadth 60 mm, depth 80 mm and internal dimensions are
breadth 30 mm and depth 40 mm respectively.

Solution. Given: External breadth () = 60 mm; External depth () = 80 mm ; Internal
breadth (h._} =30 mm and internal depth (d_:} = 4{) mm.

We know that moment of 1nertia of hollow rectangular section about an axis passing through
its centre of gravity and parallel to X-X axis,

bd®>  bd} _60(80)° 30 (40)°

[ = 2400 x10° mm®  Ans.
12 12 12 12
3 3 Ty 3
Similarly, Iy = “E -~ “T;f? =i Egﬂ} . 1(3;} =1350 x 10° mm*  Ans,

Perpendicular Axis Theorem

It states, If Ixx and Iyy be the moments of inertia of a plane section about two
perpendicular axis meeting at O, the moment of inertia Iz about the axis Z-Z,
perpendicular to the plane and passing through the intersection of X-X and Y-Y is
given by:
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Iz77 = Iyx + Iyy

Proof :
Consider a small lamina (P) of area da having co-ordinates 7
as x and y aleng OX and OF two mutually perpendicular axes on
a plane section as shown in Fig. 7.4. ? UT_ = ' ./
Now consider a plane OZ perpendicular to OX and OY. (e ,{@ —5 /) g
Let (#) be the distance of the lamina (P) from Z-Z axis such that },'ﬂ-'" ~ x AL -
=1,
From the geometry of the figure, we find that Fig. 7.4. Theorem of
Pl }.2 perpendicular axis.
We know that the moment of inertia of the lamina P about X-X axis,
L=t 3" I I= Areg i Distance)?)
Similarly, 1y, = da. 1l
and Ly=da.r =da(xX*+y? w5 =29

2 2
=da. x +da. y =1, + 1,

Moment Of Inertia of a Circular Section

Consider a circle ABCD of radius (r) with cefitre €@and X-
X' and ¥Y-Y' be two axes of reference through O as shown in'Fig.
7.5

Now consider an elementary ring of radins x andthickness
dx. Therefore area of the ring,

da =21 x/dx
and moment of inertia of ring, about X-X axis or Y-V axis
= Area x (Distance )’
=2 x gy x

= 2 g% dx

Fig . 1.5, Circular section.

Now moment of inertia of the whole gection, about the
central axis,can be found out by integrating the above equation for the whole radius of the circlei.e.,
from 0 tor.

r F
lyz = (254 .dx =2z [ . dx
L] 0

#] x T ( .
I =2xm 2 =2 Ifr}J' = — Ifiie’}“t ..., substituting r = EW
4] 2 32 L 2]
We know from the Theorem of Perpendicular Axis that
Iix +yy= 177

{77 l K 4 T 4
¥l =l === ¥ —{(d) =—(d)
Sl = TR T
Example 7.3. Find the moment of inertia of a circular section of 50 mm diameter about an
axis passing through its centre.
Solution. Given: Diameter (d) = 50 mm

We know that moment of inertia of the circular section about an axis passing through its
centre,

%x (50)* =307 x 10° mm*  Ans.

T 4
! = i({f) =
o=@
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Moment Of Inertia of a Hollow Circular Section

Consider a hollow circular section as shown in Fig.7.6,
whose moment of inertia is required to be found out.

e FoRie e
. . . o= e ==
Let D= Diameter of the main circle, and 4 e oo ST
d = Diameter of the cut out circle. SRR : Rl b
. . (PR (T
We know that the moment of inertia of the main circle :_ / |- X ok
about X-X axis . | A
; A
T 4 = : >
= (D) // ________ l
64 I
and moment of inertia of the cut-out circle about X-X axis g,f
pj 4
= — (d}y Fig. 7.6. Hollow circular section.
64

Moment of inertia of the hollow circular section about X-X axis,

! vy = Moment of inertia of main cirele < Moment of ffertia of cut out dircle,

w i3 4 Fis
=— (D) - = (@) == (p* —d*)
& 64( B
Similarly lyy = —(D* = d%)
Similarly, =

Example 7.4. A hollow circular section has an @xternagl diameter of 80 mm and internal
diameter of 60 mm. Find its moment of inertiaabout thehorizontal axis passing through its centre.
Solution. Given : External diameteo (D)) =80 mmand internal diameter (d) = 60 mm.

We know that moment of inértialef the hollow circular seetion about the horizontal axis
passing through its centre,

—
ik A

lyy = Dt —d5 =
¥¥ 64(

%{(8{}}"‘ (600" ] = 1374 x 10° mm* Afia.
Parallel Axis Theorem

It states, if the moment. of inertia of a plane area about an axis through its centre of
gravity is denoted by I, then moment of inertia of the area about any other axis AB,
parallel to the first; and at a distance h from the centre of gravity is given by:

Is = I + ah’
where I,5 = Moment of inertia of the area about an axis AB,
I = Moment of Inertia of the area about its centre of gravity
a = Area of the section, and

h = Distance between centre of gravity of the section and axis AB.

Proof

Consider a strip of a circle, whose moment of inertia is required to be found out about a line
Af as shown in Fig. 7.7.

Let da = Area of the strip A———. -~ £y
v = Distance of the strip from the /[ b ¥
centre of gravity the section and =4 L il _*_
s 5 | i /
h = Distance between centre of b !
gravity of the section and the e o h
axis AB. == 4
We know that moment of inertia of the whole section about ——
an axis passing through the centre of gravity of the section Elg 2T Themmem ol paialie mus.

= da. y°
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and moment of inertia of the whole section about an axis passing through its centre of
gravity,
=Y da.y’
Moment of inertia of the section about the axis AB,
Ly=Yda(h+y) =Y da(h+y +2hy)
= (X 1. da) + (X ). da) + (X2 hy. a)
=al’+ Ig+0
It may be noted that ¥ 4’ . da = a h’ and ¥’ . da = I; [as per equation (i) above]
and ) oda.y is the algebraic sum of moments of all the areas, about an axis through
centre of gravity of the section and is equal to a. y , where Y is the distance between

the section and the axis passing through the centre of gravity, which obviously is
zZero.

Moment Of Inertia of a Triangular Section

Consider a triangular section ABC the geometry of the figure, we find that
whose moment of inertia is required to the two triangles APQ and ABC are
be found out. similar.
Let b= Base of the triangular section 4 ‘
and / f
h = Height of th ' 1 Pf N4 !:/r
= Height of the triangular o h
section.
Now consider a small ~strip PQ of B C
thickness dx at a distance of x from the - b >
vertex A as shown-in Fig. 7.8. From
Therefore
FQ_;t_ _BC..T_E B N I
5 & B ARETETEY SR

and moment of inertia of the strip about the base BC
= 1 - 2. b.l' = b.l' 2
= Area x (Distance) = - dx (h — x) =I_ (h—xY dx
1 1

Now moment of inertia of the whole triangular section may be found out by integrating the
above equation for the whole height of the triangle i.e., from 0 to h.

A
; =L?" (h—x)? dx
Bk s AL
-EL}AG; + x5 —Z2hx) dx
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b ¢h 5
=~;—1—f0 (xhz +x° —thz}.rir

5 " ;
b [f W zﬁa.f] b
4

-
| 2 3 5 12
We know that distance between centre of gravity of the triangular section and 'base BC,
a=1
3

Moment of inertia of the riangular section about an axis through 1ts centre of gravity and
parallel to X-X axis,

lg= 1y —ad? Q& Ly =1, +ak?)
_BiP [Bh\( ;:T bl
g \z JL_L 36

Example. 7.5. An isosceles triangular section ABC has base width 80 mm and height 60 mm.
Determine the moment of inertia of the section about the centre of gravity of the section and the base BC.
Solution. Given : Base width (b)= 80 mm and height (1) =66 mm.
Moment of inertia about the centre of gravity ofthe sectifin
We know that moment of inertia of triasigtlar section about its centre of gravity,
bi® 80 x(60)
36
Moment of inertia about the base BC
We also know that mement of ineptid of trignigular section about the base BC,
bir . 80 x (60)°

[om = = = 1440 % 10° mm”*
=T gy 12

Exmple 7.6. A hollow triangudar section shown in Fig. 7.9 is symmetrical about its vertical axis.

I, = =480 x 10° mm*

. R i
______ .
_? ) F: N b 100 mm
Bl mm v &
// > \\
B \_ N ("
l——120 mm—»
}47]30 mm ——P|

Fig. 7.9.

Find the moment of inertia of the section about the base BC.

Solution. Given : Base width of maintriangle (B) = 180 mm; Base width of cut out triangle
(b) = 120 mm: Height of main triangle (H) = 100 mm and height of cut out triangle (1) = 60 mm.
We know that moment of inertia of the triangular, section about the base BC,
e BH* N b’ _ 180 % (100)° _120% (60)°
12 12 12 12

=(15x 105) = (2.16 x 10%) = 12.84 x 10° mm*  Ans.

4
1mm
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Moment Of Inertia of a Semicircular Section

Consider a semicircular section ABC whose moment of B
inertia is required to be found out as shown in Fig. 7.10. = =
Let r = Radius of the semicircle. Y ;;,u\
We know that moment of inertia of the semicircular £ i N
section about the base AC is equal to half the moment of inertia
of the circular section about AC. Therefore moment of inertia
of the semicircular section ABC about the base AC,

= .
|€«—— Diameter 4F|

i = () = 0.393 7° Fig. 7.10. Semicircular section ABC.

B4
We also know that area of semicircular section,

I

*

bd | —

AC

3
1 a W
a=:><?l:r‘

i

and distance between centre of gravity of the section and the base AT,

f1 = ﬂ
3w
Moment of inertia of the section through its eéntre of gra¥ity and parallel tg-4-x axis,
ol 52
i . o | dw
Ip sl <ah>s| 2% f'j4 - __W
G [3 : } 2. &3n )

=Ex (r}dil —[g—ix(r}i}:'ﬂ.]] i

Note. The moment of inertia about'y-y axig will bé-the same as that about the base AC
f.e.,0.393 ¢

Example 7.7. Determine the moment of inertigdof a semicircular section of 100 mm diameter
about its centre of gravity and parallel to XX and ¥-Y axes.

Solution. Given: Diameter of the section (d) = 100 mm or radius (#) = 50 mm
Moment of inertia of the section abgut its cémtre of provity and parallel to X-X axis

We know that'moment of Anertia of the semicircular section about its centre of gravity and
parallel to X-X axis, .
1g=0.11 7 =011 x{50)* =687.5 x 10° mm*  Ans,
Moment of inertia of thelsection about its gentre of gravity and parallel to Y-Y axis.
We also know that moment of inertia of the semicircular section about its centre of gravity
and parallel to Y-V axis.

Ly =0.393 rt=10.393 x (50)* = 2456 x 1(¥ mm* Ans.

Example 7.8. A hollow semicircular section has its outer and inner diameter of 200 mm
and 120 mm respectively as’ shown in Fig. 7.11.

A |II | | |\ B
] 20 mim—=

|-¢—20U mm ——|
Fig. 7.11.

What is its moment of inertia about the base AB 7

Solution. Given: Outer diameter () = 200 mm or Quter Radius (R) = 100 mm and inner
diameter () = 120 mm or inner radius (r) = 60 mm,

We know that moment of inertia of the hollow semicircular section about the base AB,
1,,=0.393 (R* = ) = 0.393 [(100)* — (60)*] = 34.21 x 10 mm*  Ans.
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Moment Of Inertia of a Composite Section

The moment of inertia of a composite section may be found out by the following
steps:

» Split up the given section into plane areas (i.e., rectangular, triangular, circular
etc., and find the centre of gravity of the section).

» Find the moments of inertia of these areas about their respective centres of gravity.

» Transfer these moment of inertia about the required axis (AB) by the Theorem of
Parallel Axis, i.e.,

IAB = IG + ahz

where Ic = Moment of inertia of a section about its centre of gravity and
parallel to the axis.

a = Area of the section,

h = Distance between the required axis and centre of gravity of the
section.

» The moments of inertia of the given section may now be obtained by the algebraic
sum of the moment of inertia about the required axis.

Example 7.11. Anl-section is madeup of thiee rectangles as shown in Fig. 7.15. Find the
moment of inertia of the section about fréhorigantal axis passing through the centre of gravity of
the section.

Solution. Firstof all, let us{ind out'eentre of gravity of the section. As the section is symmetrical
about Y-Y axis, therefore its cefifr of gravity will lie on this axis.

Split up the whale section intathreergetangles 1.2 and 3 as shown | B iR "‘I
in Fig. 7.15,Let bottom face of the bottom flange be the axis of : . *
reference. (1) 20 mm
() Rectangle | - B A
a, =60 x20 =1200 mm :
2
ard ¥ =20 100 + “Tﬂ =130 mm @ 100 mm
(i) Rectangle 2 ) —» : T
ay= 100 x 20 = 2000 mm? :
100 :
and y; =20+ —=70 mm ba .
2 @ 20 mm
(i) Rectangle 3 |
a, =100 x 20 = 2000 mm? < 160 mm >
2
and Vi = “?ﬂ = 10 mm Fig. 7.15.

We know that the distance between centre of gravity of the section and bottom face,
.}u: _ @GN td Yy vy (1200 x 130) + (2000 x 70) + (2000 X 10} .
ay + dx +dy 1200 + 2000 + 2000
= 60.8 mm

We know that moment of inertia of rectangle (1) about an axis through its centre of gravity
and parallel to X-X axis,

_ 60x (20)°

12

4

=40 x 10° mm
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and distance between centre of gravity of rectangle (1) and X-X axis,
h, =130 - 60.8 =69.2 mm
Moment of inertia of rectangle (1) about X-X axis,

=1l + @l =(@0x10°) + [1200 % (69.2)" | = 5786 x 10° mm*

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity dnd
parallel to X-X axis,

20 % (100)°

!r-. =

¢

=1666.7 x 10" mm*
and distance between centre of gravity of rectangle (2) and X-X axis,
hy =70 - 60.8 =9.2 mm
Moment of inertia of rectangle (2) about X-X axis,
=T + 0y h3 = (1666.7 x 10°) + [2000 x (9.2)*] = 1836 %10 mm*

Now moment of inertia of rectangle (3) about an axis through its centre of gravity and paralle]
to X-X axis,
_ 100 x (20)°

12
and distance between centre of gravity of rectangle (3) and X-X axis;

h,=60.8 - 10 =50.8 mm
Moment of inertia of rectangle (3) aboupX-X axis,
=53 + #:33 = (66.7x10%) & 20009 (50.8)>] = 5228 x 10° mm*
Now moment of inertia of the wholesectiongbout X=X¥axis,
I, =(5786 x 10%) + (1836 x10°) +(5228 x 103 = 12850 x 10° mm*  Ans.

Eiq =66.7 x 10° mm*

Example 7.12. Find the moment of inertid about the centroidal X-X and Y-Y axes of the
angle section shown in Fig: 7. 16.

Solution. Firstof all, let us find the.dentre of gravity of the section. As the section is not
symmetrical about any section, theérefore’we have to find out the values of ¥ and 7 for the angle

section. Split upthe sectiandnto two rectangles (1) and (2) as shown 1n Fig. 7.16.
Moment of inértia about eentroidal X-X axis

Let bottom face of the angle section be the axis of reference.

e —»| €20 mm
a, = 100 x 20'= 2000 mm? o
100 T (0]

and ¥ =—= =50 mm
2 100 mm
Rectangle (2) I ]
a, = (80 — 20) x 20 = 1200 mm? | 2) |20 mm
20 |<—8{) mm —>| *
and ¥; =— =10 mm

Fig. 7.16.
We know that distance between the centre of gravity of the section and bottom face,
ap ¥+ ay ¥, (2000 % 50) + (1200 x 10) _
a +a; 2000 + 1200 -
We know that moment of inertia of rectangle (1) about an axis through its centre of gravity

and parallel to X-X axis,

20 x (100)°
Io = % =1.667 x 10° mm*

¥y = 35 mm
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and distance of centre of gravity of rectangle (1) from X-X axis,
hy=50-35=15mm
Moment of inertia of rectangle (1) about X-X axis

= I, +aly =(1.667x 10°) + [2000% (15)*] =2.117 x 10 mm*

Similarly, moment of inertia of rectangle (2) about an axis through its centre-of gravity and
parallel to X-X axis,

20%° "
1., = XY 4045108 min®

and distance of centre of gravity of rectangle (2) from X-X axis,
hy, =35-10=25 mm
Moment of inertia of rectangle (2) about X-X axis

= Iy +ahs = (0.04 % 10%) + [1200 x(25)7 ] =0.79'% 10f mm*
Mow moment of inertia of the whole section aboutX-X axis,

Loy = (2,117 % 10%) + (0.79 x 10%) = 2.907 x 9%mm*  Ans.

Moment of inertia about centroidal Y-Y axis
Let left face of the angle section be the axis. of refecence.

Rectangle (1)

a, =2000 mm? ...(As before)
20
and e 10 mum
Rectangle (2)
@, = 1200 mm? ...{As before)
and xy=20+ % =50 mm

We know that distance: betweeil'the centre of gravity of the section and left face,
__a{x)+ayxs _ (2000 x 10) + (1200 x 50)
a +a;, 2000 + 1200
We know that Tmoment of inertia of rectangle (1) about an axis through its centre of gravity
andparallel to ¥-Y axis,
_ 100 x (207

12
and distance of centre of gravity of rectangle (1) from ¥-Y axis,

h,=25~10=15mm
Moment of inertia of rectangle (1) about Y-Yaxis

= 25 mm

X =

Ty = 0.067 x 10° mm*

= I, + a b = (0,067 x 10%) + [2000 x (15)%] =0.517 x 10® mm*

Stmilarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and
parallel to ¥-¥ axis,

_ 20 % (60)°
12

and distance of centre of gravity of rectangle (2) from ¥-¥ axis,
hy = 50 — 25 = 25 mm,

Moment of inertia of rectangle (2) about Y-} axis
=lgy + ay b3 = 036 x10° + [1200 % (25)°] = 1.11 x 10® mm*

Now moment of inertia of the whole section about ¥-¥ axis,
1,,=(0.517x 105 +(1.11 x 10%) = 1.627 x 10° mm*  Ans.

A = 0.36 x10° mm”*
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Example 7.10. Find the moment of inertia of a T-section with flange as 150 mm x 50 mm
and web as 150 mm x 50 mm about X-X and Y-Y axes through the centre of gravity of the section.

Solution. The given T-sectionis shown in Fig. 7.14.

First of all, let us find out centre of gravity of the section,

As the section is symmetrical about Y- axis, therefore its centre 130 mm——m{ v

of gravity will lie on this axis. Split up the whole section into two ©) 501
gk ; 1T3mn
rectangles viz., 1 and 2 as shown in figure. Let bottom of the web | e 3
be the axis of reference. ' T
(D) Rectangle (1) |
a, = 150 x 50 = 7500 mm? @ 150 mm
0 ¢
and y =150 + i 175 mm :
B QY
(if) Rectangle (2)
a, = 150 x 50 = 7500 mm? —{50 mine—
150 Fig: 7.14.
and vy = o =75 mm

We know that distance between centre of gravity of the section @nd bottom of the web,

_ayy +dyys _ (7500 x 175) + (T500 x.75)
a +a, 7500+ 7500

Moment of inertia about X-X axis

¥y

=J%5 mm

We also know that ML1. of rectangle (1) about an axis through its centre of gravity and parallel
to X-X axis.

_ 150 (50)°

i =1.5625 x 10%'mm*

and distance between centre of gravity of sedtangle(}) and X-X axis,
h, =175- 125 = 50amm
Moment of inertia of rectangle (1) about X<X axis
Iy + aphit = (1.5625310%) {7500 x(50)° | = 20.3125 x 10 mm*

Similarly, moment of inertia of rectangle (2) about an axis through its centre of gravity and
parallel to X-X axis,

= 14.0625 =% 10 mm*

50 (150)°
Iy = ————

and distance between centre of gravity of rectangle (2) and X-X axis,
h, =125 - 75 = 50 mm
Moment of inertia of rectangle (2) about X-X axis
=gy + ay by = (14.0625 x 107) + [7500 x (50)° | = 32.8125 x 10° mm*
Now moment of inertia of the whole section about X-X axis,
1, =(20.3125 x 108) + (32.8125 x 10%) = 53.125 x 10® mm* Ans.
Moment of inertia about Y-Y axis
We know that M.1. of rectangle (1) about Y-¥ axis

3
B i L 14.0625 x 10® mm®

and moment of inertia of rectangle (2) about ¥-¥axis,

3
_DOEar 1.5625 x10% mm*

Now moment of inertia of the whole section about ¥-¥ axis,
Iy =(14.0625 x 10%) + (1.5625 x 10°) = 15.625 x 10® mm*  Ans.

[E—
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Chapter-05: Simple Machines
S.1 Machine

» The device that transmits or modifies force or motion.

» A thing made for a particular purpose.

» An apparatus consisting of interrelated parts with separate functions, used in the
performance of some kind of work.

» A machine uses power to apply forces and control movement to perform an
intended action.

» The input of a machine is the work done on the machine.

» The output of a machine is the actual work done by the machine.

Simple Machine

A simple machine may be defined as a device, which enables us to do some useful
work at some point or to overcome some resistance, when an effort or force is
applied to it, at some other convenient point.

Compound Machine

A compound machine may be defined as a device, consisting of a number of simple
machines, which enables us to do some useful work at a faster speed or with a much
less effort as compared to a simple machine.

Lifting Machine

» It is a device, which enables us to lift a heavy load (W) by applying a
comparatively smaller effort (P).

» In a lifting machine, input is measured by the product of effort and the distance
through which it has moved.

»In a lifting machine, output is measured by the product of the weight lifted and the
distance through which it has been lifted..

Efficiency of a Machine

It is the ratio of output to the input of a machine and is generally expressed as a
percentage. Mathematically, efficiency,

L OHptt 00
Input

Ideal Machine

If the efficiency of a machine is 100% 1i.e., if the output is equal to the input, the
machine is called as a perfect or an ideal machine.
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Mechanical Advantage

The mechanical advantage (M.A.) is the ratio of weight lifted (W) to the effort
applied (P) and is always expressed in pure number. Mathematically, mechanical
advantage,

M.A. = W/P.
Velocity Ratio

The velocity ratio (V.R.) is the ratio of distance moved by the effort (y) to the
distance moved by the load (x) and is always expressed in pure number.
Mathematically, velocity ratio,

V.R. =y/x,

Relation between Efficiency, Mechanical Advantage and Velocity Ratio of a
Lifting Machine

Let W = Load lifted by the machine,
P = Effort required to lift the load,
Y = Distance moved by the effort, in lifting the load, and
x = Distance moved by the load.
We know that M.A.=W/P and V.R. = y/x
We also know that input of a machine
= Effort applied X Distance through which the effort has moved
=Pxy..(1)
and output of a machine
= Load lifted x Distance through which the load has been lifted
=W xx

. Outpit W xx W/P MA,
Efficiency, = = = = —
i vix V.R.

Input T Px v

Example 10.1. & acertain weight lifting machine, a weight of 1 kN i lifted by an effort
of 25N, While the weight moves up by 100 mm, the point of application of effort moves by 8 m.
Find mechanical advantage, velocity ratio and efficiency of the machine.

Solution. Given: Weight (W) =1 kN = 1000 N ; Effort (P) =25 N ; Distance through which
the weight is moved (x) = 100 mm = (.1 m and distance through which effort is moved (v) =8 m.

Mechanical advantage of the machine.
We know that mechanical advantage of the machine

Velocity ratio of the machine
We know that velocity ratio of the machine

VRS s e Ry An
Efficiency of the machine
We also know that efficiency of the machine,

M.A. 40
N=———=—=10.5 =50% Ans.
V.R. 80
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Reversibility of a Machine

When a machine is also capable of doing some work in the reversed direction, after
the effort is removed, it is called a reversible machine and its action is known as
reversibility of the machine.

Relation between Efficiency, Mechanical Advantage and Velocity Ratio of a
Lifting Machine

Let W = Load lifted by the machine,
P = Effort required to lift the load,
y = Distance moved by the effort, and

x = Distance moved by the load.

We know that,
input of the machine =Pxy ..(1)
and output of the machine =W xx ...(11)

We also know that machine friction
= Input — Output =(P x y) = (W X x) ...(111)

A little consideration will show that in a reversible machine, the output of the
machine should be more than the machinefriction, when the effort (P) is zero. i.e.,

Wxx'> Pxy—-W xx

or 2Wxx'>Pxy

or (Wxx)/(Pxy)>1/2
or (W/P) /(y/x) > 1/2

or M.A/V.R. >1/2

...(W/P=M.A. and y/x = V.R.)
n >1/2=0.5=50%

Hence the condition for a machine, to be reversible, is that its efficiency should be
more than 50%.

consideration
Self-Locking Machine

» Sometimes, a machine is not capable of doing any work in the reversed direction,
after the effort is removed. Such a machine is called a non-reversible or self-
locking machine.

» The condition for a machine to be non-reversible or self-locking is that its
efficiency should not be more than 50%.
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Example 10.3. Inalifting machine, whose velocity ratio is 50, an effort of 100 N is required
to lift a load of 4 kN. Is the machine reversible ? If so, what effort should be applied, so that the
muachine is af the point of reversing ?

Solution. Given: Velocity ratio (V.R.) =50 ; Effort (P)= 100N and load (W)= 4 kN = 4000 N.
Reversibility of the machine

We know that MLA. = E_ = M = 40}
P 100
and efficiency, = 1:;1—1: - (0.8 = 804

Since efficiency of the machine 1s more than 50%, therefore the machine is réversible.  Ans.
Effort to be applied
A little consideration will show that the machine will be at the point of reversing, when its
efficiency is 50% or 0.5.
Let P =Eftort required to lift a load of 4000 N whenthe machine 1s at
 the point of reversing.

We know that MA.=_ = —p— =400/ R
and efficiency, 0.5 = DA SOUEd )
50 P,
&0
E=

i

o =60 M Ans,
0.5

Example 10.2. A certain weight lifting mapliine of velocity ratio 30 can lift a load of 1500
N with the help of 125 N effort. Determine if the.muaching is reversible.

Solution. Given: Veloeity ratio (V.R.) = 3(:Load (W)= 1500 N and effort (P)= 125 N.

We know that M.AL = i = 15 =12
P 125
] 2
and efticiency, n= Rt = L =04 =40%
V.R. 30

Sinee efficiency of the machine 1s less than 50%, therefore the machine 15 non-reversible. Ans.

Law of a Machine

may be defined as relationship between the effort applied and the load lifted. Thus
for any machine, if we record the various efforts required to raise the corresponding
loads, and plot a graph between effort and load, we shall get a straight line.

The intercept OA represents the T P
amount of friction offered by the o4 ‘__;.-1"""""1
machine. Or in other words, this is the el

effort required by the machine to %

overcome the friction, before it can lift |

any load.

o

——  Weight (W) —»
Mathematically, the law of a lifting machine is given by the relation:
P=mW+C
where P = Effort applied to lift the load,
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m = A constant (called coefficient of friction) which is equal to the slope
of the line AB,
W = Load lifted, and
C = Another constant, which represents the machine friction, (i.e. OA).
Example 10.5. What load can be lifted by an effort of 120 N, if the velocity ratio is 18 and
efficiency of the machine at this load is 60% ?
Determine the law of the machine, if it is observed that an effort of 200N is required to lift a
load of 2600 N and find the effort required to run the machine at a load of 3.5 kN.

Solution. Given: Effort (P)= 120 N : Velocity ratio (V.R.) = 18 and efficiency (n)=60% = (.6.
Load lifted by the machine.

Let W = Load lifted by the machine.
We know that MA,. = —=—=W/120
F 120
S 06 MA. _W/120 _ W
P SRR A 18 2160

W =0.6x2160= 1296 Ans,
Law of the machine
In the second case, P =200 N and W= 2600N
Substituting the two values of P and Win thedaw of the machine, i.e., P=m W + C,

120=mx 1296+ C bt
and 200 =mx 2600+ C T}
Subtracting equation (i} fromir),
g0
- 190 m=——=10.06
B0= 1304 m or 304

and now substituting the value of m in equation (i)
200 =(0.06 x 2600) + C= 156 + C
C=200-156=44
Now subsututing the value of m =0.06 and C =44 in the law of the machine,
P=006 W+44 Ans.
Effort required to run the machine at a load of 3.5 kN.
Substituiing the value of W = 3.5 kN or 3500 N in the law of machine,
P={0.06x35300) +44 =254 N Ans.
Example 10.6. Inalifting machine,an effort of 40 N raised a load of 1 kN. If efficiency of

the machine is (0.5, what is its velocity ratio 71If on this machine, an effort of 74 N raised a load of
2 kN, what is now the efficiency 7 What will be the effort required to raise a load of 5 kN 7?7

Solution. Given: When Effort (P) =40 N; Load (W) = 1 kN = 1000 N; Efficiency (1) = 0.5;
When effort (P) = 74 N and load (W) = 2 kN = 2000 N.
Velocity ratio when efficiency is 0.5,

P 40
s M.A, 25
and efficiency 05 = ﬁ = _R
VR.= 2—':; =50 Ans
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Efficiency when P is 74 N and Wis 2000 N

We know that M.A, = W _ 2000 _ .

F T4
MA. 27
and efficiency N 0.54 =354%  Ans.

Effort regquired to raise a load of 3 kN or 5000 N
Substituting the two values of P and Win the law of the machine, ie. P=mW + C
H=mx 1000+ C ()
and Td=mx 2000+ C whET)
Subtracting equation (f) from (i),

34 = 1000 m or o= i = ().034
1000

and now substituting this value of m in equation (i},
40=(0.034 x 1000 + C=34 + C
C=40-34=6
Substituring these values of m = 0.034 and C = 6 in thelaw of maching,
P=0034 W+ 6 ...{111)
Effort required to raise a load of 5000 N,
P=({0.034 x5000) + 6= 176 N Ans.
Example 10.7. What load will be lifted by dn e‘ffba_z;ﬁé\'f.? N i:}‘ the velpcity ratio is 18 and
efficiency of the machine at this load is 60 %7
If the machine has a constant fric rmn ¥evistanice, determine the law of the machine and
find the effort required to run this machine at (i) no. {bad, and (i) a load of 800 N,

Solution. Given: Effort (P)= 12N ; Velogity ratic(V.R.) = 14 and efficiency () =60 % = 0.6.
Load lifted by the machine.

Let W =1oad lifted iy the machine,
w_ W
We k that MAA, = —=_——==W /12
e know tha P oD

- MA W/S12 W
and efficiency, 0.6 = e = 5 = TP

W=006=x216=128.6 N Ans,

Law of the machine

We know that effort lost in friction,
W 129.6
Fopy =P ~—— =12 - 2= = 48N
e V.R. 18
Since the frictional reésistance is constant, therefore 4.8 N 15 the amount of friction offered
by the machine. Now substituting the values of P= 12 and C= 4.8 in the law of the machine.

12=mx 1296 +4.8 vl P=mW+ )
12 — 4.8 l
or = — i —
129.6 18

~.  Law of the machine will be given by the equation,

_iW+48 Ans.
18

Effort required to run the machine af no load
Substituting the value of W =0 in the law of the machine (for no load condition),
P=48 N Ans.
Effort required to run the machine at a load of 900 N
Substituting the value of W= 900 N in the law of machine,

|
P=-—-x900+48 =548 N Ans.
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Maximum Mechanical Advantage of a Lifting Machine

We know that mechanical advantage of a lifting machine,

W
MA =—
P

For maximum mechanical advantage, substituting the value of P = mW + C in the above
equation,
w 1 |

Max. M.A. = B

= s
W+ C c V' Neglecting — |
m m+— 1 IthgILChng w

Maximum Efficiency of a Lifting Machine
We know that efficiency of a lifting machine,

W
_ Mechanical advantage P _ W
'ﬂ Velocity ratio VLR, P xN.R.

For *maximum efficiency, substituting the value of £ = mW + Cintthe above equation,
W _ 1 1

(mW + C)y=xV.R ,fr iR VR,

1

%,

Max.m = =

= i
"+ £ |>< VIR, .,--4 Neglecting £ '
W) \ W)

Example 10.8. The law of a machine is\givend¥the relation :
P=0.04W+75
where (P)is the effort required to lift o loadt W), both expressed in pewtons. What is the mechanical
advantage and efficiency of the miachine, when the loathis 2 kN and velocity ratio is 40 7 What is the
mexinuan efficiency of the machine 7

If (F) is the effort lost in friction, find the'vélation between F and W. Also find the value of F,
when Wis 2 kN,

Solution. Given: Law gf machifie ¥ = 0.04 W+ 7.5 ; Load (W) =2 kN =2000 N and velocity
ratio (V.R.) = 4.
Mechanical advantage
Substituting the value of Win the law of the machine,
P=mW+C=0.04 x2000+7.5=87.5N

17 2
ko= =200 oy i
P 87.5
Efficiency of the machine
”
We know that n= MA oY (.5725 = 57.25% Ans,
V.R. 40

Maximum efficiency of the machine
We know that *maximum efficiency of the machine,

1 |

= =0.625 = 62.5% Ans.
mx VR, 004 x40

Maxn =

Relation between F and W
We know that effort lost in friction,

W . W
Femey =P o S OOAW TS~

I
= wru.m = L] +7.5=W]|004 = ij +75
L V.R. | 40

=W(0.04 -0.025) +7.5=0.015 W+ 7.5 Ans.
Value of F when Wis 2 kN
Substituting the value of Wequal to 2 kN or 2000 N in the above equation,
F=(0.015x2000)+75=375N Ans.
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Example 10.9. The law of a certain lifting machine is :
W
P=—+38
50

The velocity ratio of the machine is 100, Find the maximum possible mechanical advantage
and the maxinuen possible efficiency of the machine. Determine the effort required to overcome the
machine friction, while lifting a load of 600 N. Also calculate the efficiency of the machine dt this
Toad.

Solution. Given: Law of lifting machine P = . + 8 =0.02W + 8; Velocity ratio (V.R.)
50

= 100 and load (W) = 600 N.
Muaximum possible mechanical advantage

Comparing the given law of the machine with the standard relation for the law of.the machine
(ie. P=mW + C) we find that in the given law of the machine, m = 0.02. We knowthat maximum
possible mechanical advantage

Max MA . =—=——=350 Ans.
Muaximum possible efficiency
We know that maximum possible efficiency
| _ 1
mx V.R.  0.02x 100
Effort required to overcome the machine friction
We know that effort required to lift aload'ef 600 N
P=mW+8 =(0.02% 600)+ 8 = 200N

and effort required to overcome the machine friction, while'lifting aload of 600 N,
W a00
F =P —— =3 —=14 N Ans,
{effort) VR, 160
Efficiency of the machine

We know that mechanical adyantageof the machine while lifting a load of 600 N.

l
5 =0.5=50% Ans.

MA = i = @ =30
20
M.A. 3
and efficiency, y B —‘: 1: = —] {E} = (.3 = 30% Ans,

5.2 Study of Simple Machines
Simple Axle and Wheel

In Figure a simple wheel and axle, in which the wheel A and axle B are keyed to the
same shaft. The shaft is mounted on ball bearings, in order to reduce the frictional
resistance to a minimum. A string is wound round the axle B, which carries the load
to be lifted. A second string is wound round the wheel A in the opposite direction to
that of the string on B.

5
:H. 3
e

Fig. 11.1. Simple wheel and axle.
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Let D = Diameter of effort wheel,
d = Diameter of the load axle,
W = Load lifted, and
P = Effort applied to lift the load.

One end of the string is fixed to the wheel, while the other is free and the effort is
applied to this end. Since the two strings are wound in opposite directions, therefore a
downward motion of the effort (P) will raise the load (W).

Since the wheel as well as the axle is keyed to the same shaft, therefore when the
wheel rotates through one revolution, the axle will also rotate through one revolution.
We know that displacement of the effort in one revolution of effort wheel A,

=nD
and displacement of the load in one revolution
=nd
VR = Distance moved by theeffort D D
" Distance moved by the Ipad T wd d
Lodd lifted = W
Now MA=——— = — ..as usual
oW ort ol (B 18 usua
and etficiency . VR ...as usual

Example 11.2. A druniweighiig 60N and holding 420N of water is to be raised from a well
by means of wheel and axle:The gxle'is 100 mn diameter and the wheel is 500 mm diameter. If a
force of 120N has to be applied to the wheel, find (i) mechanical advantage, (ii) velocity ratio and
(iif) efficiency of the.jgchine.

Solution.«Given: Total load to be lifted (W) = 60 + 420 = 480 N; Diameter of the load
axle (d) = 100 mm: Diameter of effort wheel (D)= 500 mm and effort (F) =120 N.
Mechanical advantage

We know that mecharical advantage

Hii_i_ﬂ_;; Ans.
P 120
Velocity ratio
We know that velocity ratio
VR =Dw 2N o5 Ass (i)
d 100

Efficiency of the machine
We also know that efficiency of the machine,

st o snetn N
VR. 5
Note : If we consider weight of the water only (i.e., neglecting weight of the drum) then
420
MA. = =3.5 Ans.
£20
MA, 35
S & = )T = 705 Ans.
and efficiency 1 . & 2
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Example 11.1. A simple wheel and axle has wheel and axle of diameters of 300 mm and 30 mm
respectively. What is the efficiency of the machine, if it can lift a load of 900N by an effort of 100 N.

Solution. Given: Diameter of wheel (D) = 300 mm; Diameter of axle (d) = 30 mm; Load
lifted by the machine (W) = 900 N and effort applied to lift the load (P) = 100 N

We know that velocity ratio of the simple wheel and axle,

3
V.R.= E =ﬂ = 10
d 30
and mechanical advantage MA. = }.1_ = .%[_]i{.} =0
£ 100
"\ o o g
Efficiency, 1= —l i = i = {39 = 905 Ans,
V.R 1

Worm and Worm Wheel

It consists of a square threaded screw, S (known as worm) ‘and a toothed wheel
(known as worm wheel) geared with each other. A wheel A.is attached to the worm,

over which passes a rope as shown in the figure. A load drum is securely mounted on
the worm wheel.

Let D = Diameter of the effort wheel,
r = Radius of the load drum
W = Load lifted,
P = Effort applied to lift the load, and

T = No. of teeth on the worm wheel.

W
Fig. 11.5. Worm and worm wheel

We know that distance moved by the effort in one revolution of the wheel (or handle)
=nD

If the worm is single-threaded (i.e., for one revolution of the wheel A, the screw S

pushes the worm wheel through one teeth), then the load drum will move through
=(1/T) revolution

and distance, through which the load will move =2nr / T
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VR, = Distance moved by the effort

Distance moved by the load
DT

Znr 2 it

Now M.A.= = ...as nsual

..asusual

and etficiency, 1= VR

MNotes : |. If the worm is double-threaded i.e., for one revolution of wheel A/the screw 5 pushes the
worm wheel through two teeths, then

or br
Z2x2r  Ar
2. In general, if the worm is n threaded, then
DT

2nr

V.R. =

V.R.=

Example 11.9. A worm and worm wheel with 40 teeth on the worm wheel has effort wheel
of 300 nun diameter and load drm of 100 mm diametér. Find the ejfj&'{":'ency of the machine, if it can
lift a load of 1800 N with an effort of 24 N,

Solution. Given: No. of teeth on the 'worn wheelXT) =40 ; Diameéter of effort wheel
= 300 mm Diameterof load drum = 100 mmor radivs ( #) =250 mmoLoad lifted (W) 1800 N and effort
(P)=24 N,

We know that velocity ratio of wormrand wesm whesl,

BT 10 )
R L _ROX R 154
2r 250
W LRO0
sifidl MA S = e = 75
e ’ PO
WAL 75
. iei ; Ly =< =0H25=62.5%
.. Efficiency, n VR 120 Ans.

Example 1110 In a double thréaded worm and worm wheel, the mumber of teeth on the
worm wheel is 60. The diameter of the effort wheel is 250 mm and that of the load drwm is 100 mm.
Calculate the vélacity ratio. If the efficiency of the machine is 50%, determine the effort required to
lift a load of 300 N.

Solution. Given : Nol of threads (n)= 2; No. of teeth on the worm wheel (T} = 60; Diameter
of effort wheel = 250 mm; Diameter of load drum = 100 mm or radius (r) = 50 mm; Efficiency
(1) =50% = 0.5 and load to be lifted (W) = 300 N.

Velocity ratio of the machine
We know that velocity ratio of a worm and worm wheel,

DT 250 x 60
VR, = = e e
Inr  2%2 x50

Effort required to lift the load

Let P = Effort required to lift the load.
We also know that mechanical advantage,
i e
P
@
and efficiency. e M P &

- P=— =8N  Ans.
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Single Purchase Crab Winch

In single purchase crab winch, a rope is fixed to the drum and is wound a few turns
round it. The free end of the rope carries the load W. A toothed wheel A is rigidly
mounted on the load drum. Another toothed wheel B, called pinion, is geared with
the toothed wheel A.

r t
B — l
7
.‘_J =
== el |
E— r _I e
=
T
W
Fig. 11.7. Single purchase crab winch.
Let T; = No. of teeth on the main gear (or spur wheel) A,

T, = No. of teeth on the pinion B,
[ = Length of the handle,

r = Radius of the load drum,

W = Load lifted, and

P = Effort applied to lift the load.

We know that distance moved by the effort in one revolution of the handle,

= 2nl ..(1)
=~ No. of revolutions made by the pinion B
=1
and no. of revolutions made by the wheel A
= Tg/ T]
=~ No. of revolutions made by the load drum
= Tg/ T]
and distance moved by the load = 2zr % (T,/ 1)) ...(11)
VR, = Distance moved by the effort _  2rl [ « I
" Distance moved by the load Forr I r T
T, ...(iti)
W
Now M.A.= ¥ ...a8 usual
o p=MA. 1
and elimnciency, VR .05 USUA
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Example 11.13. In a single purchase crab winch, the number of teeth on pinion is 25 and
that on the spur wheel 100. Radii of the drnom and handle are 50 mm and 300 mun respectively. Find
the efficiency of the machine and the effect of friction, if an effort of 20 N can lift a load of 300 N.

Solution. Given: No. of teeth on pinion (T,) = 25; No. of teeth on the spur wheel (T ) = 100;
Radius of daum (#) = 50 mm: Radius of the handle or length of the handle (/) =300 mm: Effort (P) = 20
N and load lifted (W) = 300 M.

Efficiency of the machine
We know that velocity ratio

V.R. = % i & = 300 > 100 =2
# T, 50 25
P 20
MA. 15
ici ; =_— =" = (625 =625% Ans,
Efficiency, n VR, 2

Effect of friction
We know that effect of friction in terms of load,

Fioaty = (P X VR) = W= (20 x 24) %300 = 180 N
and effect of friction in terims of effort,
W .
'Flel't'-;:ru =P —_{‘ REWD B = T8N
N.Be 74

It means that if the machine would havebeen ideal (& without friction) then it could lift an
extra load of 180 N with the same effort of 20 N. @¢ it couldhave regired 7.5 N less force to lift the

same load of 300 N. Ans.
Example 11.14. A single purchasecrab winch, has the following details:

Length of lever = 700 mum
Number of pinion/ teeth {4
Number of spur’ gear teeth ¢N= 96
Diameter of fload axle = 200 mm

It is observed that i Eﬁ‘;}rf aféﬁ N candift a load of 1800 N and an effort of 120 N can lift

a load of 3960 N.
What is the law ofithe machine 7 Also find efficiency of the machine in both the cases.

Solution® Given: Length of lever (f) = 700 »un; No. of pinion teeth (T,) = 12; No. of spur
geer teeth (T,) = 86 and dia of load axle = 200 mm or radius (#) = 200/2 = 100 mim.

() Law of the machine
When P, =60 N, W/ = 1800 N and when P, = 120 N, W, = 3960 N,
Substituting the values of P and W in the law of the machine ie., P=mW + C
60=(m x 1800) + C )
and 120 = (m > 3960) + C «..(E)
Subtracting equation (i) from equation (i)

60 =m x 2160
60 _ 1

2160 36

Or m =

Now substituting this value of m in equation (i),
1 H
60 = [—x 13()0J +C=50+C
36
C=60-50=10
and now substituting the value of m = 1/36 and C = 10 in the law of machine,
L ..
F=—W+ 10 Ans.
36
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(i) Efficiencies of the machine in both the cases

We know that velocity ratio

V.R.=LX£=EK%=5EL
2 100 12

and mechanical advantage in the first case

Wi
w1500y
] 0
- Efficiency = % =30 0536 =536% Ans

MA = Vo _ 3960
P 120
M.A. 7 33
= Efficiency N = —— =~ = (580 = 530% Ans.
) VAR, 656

Double Purchase Crab Winch

In a double purchase crab winch the velocity ratio is intensified with the help of one
more spur wheel and a pinion. There are two spur wheels of teeth 7; and 75 and T as
well as two pinions of teeth 7, and 7.

= /
—
— i
— L e = —_— 1
i =) o= T AT | TR0 | —— | 4
- =T FE—
s | |==n:
==
. E—
_—
I, ==
== —
—
f—
— 1 —
|
e = — | r—— = -
| ra—
k= —_— f— —_—
" ' | —
a— =
—
———| ;'r;
f | . | o | =
—_—
; % _
...-..-__-1--.”_..-.1. _____ I e e e e e ===
p— WL i 'l—-—"-:
\ i\
| v [

'-u—ml
S

Fig. 11.8. Double purchase crab winch.

The arrangement of spur wheels and pinions are such that the spur wheel with T
gears with the pinion of teeth 75. Similarly, the spur wheel with teeth 7; gears with
the pinion of the teeth 7, The effort is applied to a handle.
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Let T; and T; = No. of teeth of spur wheels,
T, and T, = No. of teeth on the pinion B,
[ = Length of the handle,
r = Radius of the load drum,
W = Load lifted, and
P = Effort applied to lift the load, at the end of the handle.
We know that distance moved by the effort in one revolution of the handle,
= 2nl ..(1)
=~ No. of revolutions made by the pinion 4
=1
and no. of revolutions made by the wheel 3
=T,/T;
=~ No. of revolutions made by the pinion 2
=T,/T;
and no. of revolutions made by the wheel 1
= (T,/-T)) X(Ty/ T3)
-~ distance moved by the load = 2zr x (1,/ T;) x(T,/ T3) ...(11)

Distange moved by the effort

NE., =—
Distance moved by the load
! 24 A(n T; 3
2 Lyl 7% T
T i
W
Now M.AN= — ...as usual

P

and efficiency, = M ...as usual
V.B.

Example11.15. In a double purchase crab winch, teeth of pinions are 20 and 25 and that
of spur wheels are 50 and 60, Length of the handle is 0.5 metre and vadius of the load drnem is 025
metre, If efficiency of the mdchine is 605, find the effort required to lift a load of 720 N,

Solution. Given: No, of teeth of pinion (7,) = 20 and (7,) = 25; No. of teeth of spur
wheel (T )=501 and {Tﬁ} = 60 Length of the handle ({)= 0.5 m; Radius of the load drum (r)=0.25
in; Efficiency ()= ﬁf}f“ = (1.6 and load to be lifted (W)= 720 N.

Let P = Effort required in newton to lift the load.

We know that velocity ratio

1T, T} 0S5 50 60
VR =—|Lx2|= ( =
Pl 025,20 25)

" 2
i VAW 720
P
T20
. Efficiency 0.6 = MA _ p _60
V.R 12 24
or P= ﬂ =100 N Ans.
0.6
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Example 11.16. A double purchase crab used in a laboratory has the following dimensions :

Diameter of load drm = 160 mm
Length of handle = 360 mm
No. of teeth on pinions = 20 and 30

No. of teeth on Spurwheels =75 and 90

When tested, it was found that an effort of 90 N was required to lift a load of 1800 N and an
effort of 135 N was required to lift a load of 3150 N. Determine :

(o) Law of the machine,

(B) Probable effort to lift a load of 4300 N,

(c) Efficiency of the machine in the above case,

() Maximwn efficiency of the machine,

Solution. Given: Dia of load drum = 160 mm or radius ()= 100/2 = 80 muny"Length of

handle () = 360 mm; No. of teeth on pinions (T,) =20 and (7,) = 30 and no, of teeth on spus
wheels (T,) =75 and (T,) = 90.

When P=90N, W=1800 N when P=135N, W=3150N
() Law of the machine,
Substituting the values of P and W in the law of the'machine, i.ey/P=m W+ C
Q0= ({m x 1800) + C ...£f)
and 135 = (m x 3150) F & ...{1o)
Subtracting equation () from equation (i),
45 =m x Y35

_ ASQ>™ 1
. 1350 30
Now substituting this value of m in equation (),
l

90 = < 1RO+ C =060+ C
30

&, C=90-460 =30
and now substituting the value f&/m and Cin the law of the machine,

P= iu-' 4 i) Ans,
30
(b} Effortto lift a load.of 4500 N

Substituting the value of Weqgual to 4500 N in the law of the machine,

i =

1
P = : %5 * 45{}[}J +30 =180 N Ans.

b
(c) Efficiency of the machine in the above case

We know that velocity ratio

(T xTy)_ 360(75_90Y

VR, =—| x — | =506
A T T4J 80 L20 30/
- e W BORL
P 18D
~. Efficiency. = MA _ 25 _0494=494%  Ans.
V.R. 506

(el Maximum efficiency of the machine
We also know that maximum efficiency of the machine,

1 1

mx VR L 506
30

= 0.593 = 59.35 Ans.

ﬂm-ﬂ..'l.
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Screw Jack

It consists of a screw, fitted in a nut, which forms the body of the jack. The principle,
on which a screw jack works, is similar to that of an inclined plane. Screw jack is
rotated by the application of an effort at the end of the lever, for lifting the load. Now

consider a single threaded simple screw jack.

Fig. 11.14. Simple sorew jack.

Let [ = Length of the handle,
p = Pitch of the screw,
W =Load lifted, and
P = Effort applied to lift the load at the end of the lever.

We know that distance moved by the effort in one revolution of screw,

= 2nl
and distance moved by the load =p
N M.A i
Now MA = —
F‘
and efficeincy, = W
Note: The value of Pi.e. the effort applied may alsa found out by the relation :

#P = Wian (o + @)

where W = Load lifted
tan o = £
md
and tan & = | = Coefficient of friction.

()

...85 usual

...a% usual

Example 11.20. A screw jack has a thread of 10 mm pitch. What effort applied at the end of
a handle 400 mm long will be required to lift a load of 2 kN, if the efficiency at this load is 45%.

Solution. Given: Pitch of thread (p) = 10 mm; Length of the handle (/)= 400 mm; Load

lifted (W) =2 kN =2000 N and efficiency (n) = 45% = 0.45.
Let P = Effort required to lift the load.
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We know that velocity ratio
2nd _ 2xx 400

V.R.== =251.3
P 10
W 2000
d MA=—=—+
an P P
We also know that efficiency,
2000
MA. 7.96
045=—"=_F -
VR 2513
= —;‘96 =177 N Ans.
0.45
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Gear Trains

Gear

A gear may be defined as a pulley or wheel having projections on its rim known as
teeth or cogs. Sometimes, a pulley is casted with teeth on its rim. But, sometimes the
teeth are cut on the rim of the pulley.

Advantages of a Gear Drive

» It transmits exact velocity ratio.
> It has a high efficiency.

» It has a compact lay out.

» It can transmit a large power.

» It has a reliable service.

Disadvantages of a Gear Drive

» The manufacture of toothed wheels requires special-equipment and tools.
» Any error in teeth machinery causes vibrations and noise during operation.
» Any defect in one wheel damages the whole set up.

Important Terms

Face width
Addendam v, Addendum
. - L
circle /fk-"-’ V2 % 4 Dedendum
Pitch ¢ h & Ty,
: < _./ _____ i) ; 5 #
circle NS alh.
#f.# "-.-F -” A .-'-"".::
P feEo - fﬁ_,.,.""r-'"
N 3 =
==

Dedendum circle

1) Pitch Circle: An imaginary circle, which would transmit the same motion as
the actual gear, by pure rolling action, is called pitch circle. The diameter of
the pitch circle is known as pitch circle diameter.

2) Pitch: The centre to centre distance between any two teeth, measured along the
arc of the pitch circle, is called pitch of the toothed wheel.

Mathematically, pitch,
p =nd/T

where d = Diameter of the pitch circle, and
T = No. of teeth on the wheels.

3) Addendum circle: The part of a gear outside the pitch circle is called
addendum, and the circle (concentric with the pitch circle) drawn through the
top of the teeth is known as addendum circle. The diameter of the addendum
circle is known as addendum circle diameter.
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4) Dedendum circle: The part of a gear inside the pitch circle is called dedendum,
and the circle (concentric with the pitch circle) drawn through the bottom of
the teeth is known as dedendum circle or root circle. The diameter of the
dedendum circle is known as dedendum circle diameter.

5) Clearance: When the two gears mesh together, the addendum of one gear
projects inside the dedendum of the other. For smooth working, a small space
is left between the addendum circle of one gear and the dedendum circle of the
other. This space is known as clearance.

6) Depth of the tooth: The radial distance between the addendum circle and
dedendum circle of a gear is known as depth of the tooth.

7) Face of the tooth: The surface of a tooth along its width, and above the pitch
circle is known as face of the tooth.

8) Flank of the tooth: The surface of a tooth along its width, and below the pitch
circle i1s known as flank of tooth.

9) Face width of the tooth: The width of a tooth, measured parallel to its axis, is
known as face width of the tooth.

Types of Gears

1) External gears: Sometimes, the N T
gears of the two shafts mesh i B TR e

/ N '\\

. 4 A AN

externally with each other. Such a /, oAz
. ol AR~ W - —

type of gear is -called external Y 1 A N ;
gearing. The larger of .these two o | & Sl

wheels is called spur wheel and the Rt | i
smaller one is called ‘pinion. In an
external gearing, the motion of the
two wheels is always unlike.

2) Internal gears: The gear of the two =
shafts meshes internally with each £ T AR
other. Such a type of gear is called G * ;
internal gearing. The larger of these L
two wheels 1s called annula wheel and :

.......

the smaller one is called pinion. In an “]‘
internal gearing, the motion of the two i SE, e deaio:
wheels is always like.

3) Rack and pinion: Sometimes, the and pinion.
gear of a shaft meshes externally and =3
internally with the gears in a straight _u_;_l_in_‘,\l_
line. Such a type of gear is called rack oM e s ey

Fig. 34.5. Rack and pinion.
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The straight line gear is called rack and the circular wheel is called pinion. A little
consideration will show that with the help of a rack and pinion gear, we can convert
linear motion into a rotary motion and vice versa.

Simple Gear Drive

A simple gear drive consists of two shafts, containing wheels, with similar teeth,
geared together.

' S mh e
’ . sk st S T
g Diriver S WL Do et o )
J'lfll' ? LY '\.l ) .z’__-'_ Y \"
i i r Follower ™20
prid teLf . l"\._
| ) L
e e - — - b - — o L
A e H .—I'I
L | ' a3 L | .'."
v i b NE ‘i
yh L% G L
N - —R | ]
‘\"\ | _}'i;'l" T I: :"‘:—"
\‘\. | = ..-I i T
T N |_ A I

(AR AN A RREE A 3ARRRRE

I;ig. 34.6..Simple gear drive.
The wheel A is keyed to the rotating shaft, and is known as driver (since it drives the
other wheel). The wheel B is keyed to shaft, intended to be rotated and is known as
follower or driven (since it is driven by the wheel A). When the driver rotates, its
teeth drive the teeth of the follower, which rotate it in the opposite direction of its
motion.

Velocity Ratio

It 1s the ratio between the velocities of the driver and the follower or driven. Now
consider a simple gear drive.

Let N; = Speed of the driver,
T; = No. of teeth on the driver,
d; = Diameter of the pitch circle of the driver,
N,, T,, d, = Corresponding values for the follower, and
p = Pitch of the two wheels.
We know that the pitch of the driver

p = (nd})/T; (i)
Similarly, pitch of the follower
p = (ndy)/T, ...(i1)

Since the pitch of both the wheels is the same, therefore equating (i) and (ii),
(ﬂ'd])/T]:(TL'dg)/TZ
(d]/dg):(T]/Tg)
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=~ Velocity ratio (N/Ny)= (d,/d,)=(T/T),)

Power Transmitted

Consider a simple gear drive transmitting power, from one shaft to another.

Let F = Tangential force exerted by the driver (also called pressure between
the teeth) and
v = Peripheral velocity of the driver, at the pitch point,

~ Power transmitted or work done
P = Force x Distance = Fv

Example 34.1. In a spur gear arrangement, the driver has 100teeth of 40 pum pitch. Find
the power, if it can transmit a tangential force of 100 N on the follower. Take spegd of driver as
225 rp.m,

Solution. Given: No. of teeth on driver (T) = 100; Pitch of the twdwheels (p) = 40mm;
Tangential force exerted by the driver (F) = 100 N and speed of the driver{A) =225 r.p.m.

We know that circumference of the pitch circle

= 100 x 40 = 4000 mm = 4.1
Velocity of driver at the pitch point
4 x 225

pome 7T bR iy
60

and power transmitted by the gear,
P= Fxv= 0 x 15<="1500 N<m/s

= 1500 = 19%W Ans,

Gear Train

Sometimes, two or more gears are made to mesh with each other, so as to operate as
a single system, to transmit power from one shaft to another. Such a combination is
called gear train or train of wheels. Following are the two types of train of wheels
depending upon the-arrangement of wheels:

1) Simple Gear Train

Sometimes the distance between the two wheels is great. The motion from one wheel
to another, in such a case, may be transmitted by either of the following two
methods: a) By providing a large sized wheel, or b) By providing intermediate

wheels.

Driver Drriver
- Follower P o Follower
o | L e *, -
e R Y e il NV 0 BV
@@ ©)7- =B - B e @1
W NPAT Y N 7R A 24
b - " Ll - _/; %
e = l J e e | ' |
H i | i

M m I

() (&)

Fig. 34.7. Simple train of wheels.
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It may be noted that when the number of intermediate wheels is odd, the motion of
both the wheels (i.e., driver and follower) is like. But, if the number of intermediate
wheels is even, the motion of the follower is the opposite direction of the driver.

Now consider a simple train of wheels with one intermediate wheel.
Let N; = Speed of the driver
T, = No. of teeth on the driver,

N,, T, = Corresponding values for the intermediate wheel,
and N;, T; = Corresponding values for the follower.

Since the driver gears with the intermediate wheel, therefore

(No/N)=(T/T>) (1)
Similarly, as the intermediate wheel gears with the follower, therefore
(N3/N2)= (T/T5) ...(i1)

Multiplying equation (ii) by (i),
(N3/N2) X WZ/NI): (Tg/Tg) X (T]/Tg)
(N3/N1): (T]/T3)

Speed of the follower Na. of teeth on the driver

Speed of the driver~)  ~No.of teeth on the follower

Similarly, it can be proved that the above equation also holds good, even if there are
any number of intermediate wheels: It is thus obvious, that the velocity ratio, in a
simple train of wheels, is independent of the intermediate wheels. These intermediate
wheels are also called idle wheels, as they do not affect the velocity ratio of the
system.

2) Compound Gear Train

Whenever the distance between the driver and follower has to be bridged over by
intermediate wheels and at the same time a great (or much less) velocity ratio is
required then the advantage of intermediate wheels in intensified by providing
compound wheels on intermediate shafts.

; T s

;-"'@- -- - i@ @
W TN e | :
o W @ |

B mﬂu@

Fig. 34.8. Compound train of wheels.
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In this case, each intermediate shaft has two wheels rigidly fixed to it, so that they

may have the same speed. One of these two wheels gears with the driver and the
other with the follower attached to the next shaft.

Let N; = Speed of the driver 1,
T, = No. of teeth on the driver 1,
Similarly N, N;, ...Ns = Speed of the respective wheels,
T,, Ts ...Ts = No. of teeth on the respective wheels.
Since the wheel / gears with the wheel 2, therefore

(No/N)=(T/T>) (1)
Similarly (NyN3)= (T5/T,) ...(11)

Multiplying equations (i), (ii) and (iii),
(No/N1) > (Ny/N3)* (Ng/Ns)= (Ti/T5) % (T5/Tg)* (T5/Ts)
(N¢/N1)= (T;x T5xTs) / (Trx T;xTj)
Product of the teeth on dhe driveds
Product of the teeth anthe followers

Example 34.2. The gearing of a machinedools isshown infig. 34.9.

F' D
» o = r o it B
+
)¢ & ¢ C A
G 1 B &y 1
| L.- ‘ i
e\ - + : + +
TV, / .II'.\ " | =
'.\ ¢ = ~ 5
LY
Fig. 34.9.

The motor shaft is connectedto A and rotates at 975 rp.m. The gear wheels B, C, Dand E are
fixed to parallel shafts rotating together. The final gear Fis fixed on the output shaft G What is the
speed of F ? The number of feeth on each wheel is as given below :

Gear A B ' D E F
No. of teeth 20 50 25 75 26 65
Solution. Given: Speed of the gear wheel A (N,) =975 r.p.m.; No. of teethon wheel A (T,)
= 20; No. of teeth on wheel 8 (T,) = 30; No, of teeth on wheel C (T ) = 25; No. of teeth on wheel D
(Tp,) = 75: No. of teeth on wheel E (T) = 26 and no. of teeth on wheel F (T,) = 65.
Let N, = Speed of the shaft F.
Np TyxToxTg
Ny TpxT,xTe
Np 20x25x26 4
975  S0x75x65 75

We know that

or N, = 975 % % = 52 r.p.m. Ans.
!
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Example 34.3. A handle H drives a pinion A, which drives a drum E through gear wheels
B, C and D as shown in Fig. 34.10.

P | H 2
He e
400 mm | A ] r B I 7
| \ f y A / \ I.ff- B \ \
B
| I .’ ! II'.| 1"‘-{.‘ C ,jI '|_I ."II b T-/‘:—' e '."!I_" b
\ o - L 1 /
=\ T ¥ 4 f
e . =
— _,.i-
|! ﬂ“‘i HJ
Fig. 34.10.

The length of handle is 400 mm, and diameter of the drwﬂwﬂ' 200 mm. Thewheel A has
20 teeth, which gears with wheel B of 80 teeth. Thewheel C has:20 teeth which pears with wheel D
of 100 teeth.

Find the load (W) that can be raised by the grurm_ﬁ‘m effort of 10 Nis applied at the end of
the handle. Take efficiency of the systen ds 60%. | '

Solution. Given: Length of the-tandle~({) = 400 mm = 04 m; Diameter of the drum
(d) = 200mm =0-2 mor radius ()= 01 m; Nocof teethion wheel A (7,)=20; No. of teeth on wheel
B (TE} = 50:; No. of teeth on wheel C ('TI,_, ) =20: Nacof teeth on wheel D (TD} = 100; Effort applied
(P) = 10N and efficiency of the systen¥{n) = 60% = 0-6.

Let W =L oad that can beraised by the drum.

A little consideration willshow,that this example is exactly like that of a double purchase
crap winch. We know that velocity ratio of the system,

i!’rﬁ. x Tp “ 04 (80 x 1{}{1“‘|=8ﬂ

VeR = AT, xT. )= 01| 20x 20
wa WV
P 10
W
and efficiency, 0-6 = M = E = i
V.R. &0 800
W=06x800=4580 N Ans.
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Chapter-06: Dynamics

6.1 Dynamics

[Engg. Mechanics]

[Kinetics] [Kinematics]

Dynamics: It deals with the forces and their effects, while acting upon the bodies in
motion.

Kinetics: It deals with the bodies in motion due to the application of forces.

Kinematics: It deals with the bodies in motion, without any reference to the forces
which are responsible for the motion.

Important Terms

Speed: The speed of a body may be defined as its rate of change of displacement
with respect to its surroundings. The speed of a body is irrespective of its direction
and is, thus, a scalar quantity.

Velocity: The velocity of a body may be defined as its rate of change of
displacement, with respect to its surroundings, in a particular direction. As the
velocity is always expressed in particular direction, therefore it is a vector quantity.

Acceleration: The acceleration of a body may be defined as the rate of change of its
velocity. It is said to be positive, when the velocity of a body increases with time, and
negative when the velocity decreases with time. The negative acceleration is also
called retardation.

Uniform Acceleration: If a body moves in such a way that its velocity changes in
equal magnitudes in equal intervals of time, it is said to be moving with a uniform
acceleration.

Variable Acceleration: If a body moves in such a way, that its velocity changes in
unequal magnitudes in equal intervals of time, it is said to be moving with a variable
acceleration.

Distance Traversed: It is the total distance moved by a body. Mathematically, if
body is moving with a uniform velocity (v), then in (t) seconds, the distance traversed

s =Vt
Mass: It is the matter contained in a body. The units of mass are kilogram, tonne etc.

Weight: It is the force, by which the body is attracted towards the centre of the earth.
The units of weight are the same as those of force i.e. N, kN etc.
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Momentum: It is the quantity of motion possessed by a body. It is expressed
mathematically as

Momentum = Mass % Velocity

The units of momentum depend upon the units of mass and velocity. In S.I. units, the

mass is measured in kg, and velocity in m/s, therefore the unit of momentum will be
kg-m/s.

Force: It is a very important factor in the field of dynamics also, and may be defined
as any cause which produces or tends to produce, stops or tends to stop motion. The
units of force, like those of weight, are N, kN etc.

Inertia: It is an inherent property of a body, which offers resistance to the change of
its state of rest or uniform motion.

Equations of Motion

It states “Everybody continues in its state of rest'or of uniform motion, in a straight
line, unless it is acted upon by some external force.” It is also called the law of
inertia, and consists of the

Newton’s Laws of Motion

Newton’s First Law of Motion

It states “Everybody continues in its state of rest or of uniform motion, in a straight
line, unless it is acted upon by some external force.” It is also called the law of
inertia, and consists of the following two parts:

1. A body at rest continues in the same state, unless acted upon by some external
force. It appears to be self-evident, as a train at rest on a level track will not move
unless pulled by an engine. Similarly, a book lying on a table remains at rest, unless
it is lifted or pushed.

2. A body moving with a uniform velocity continues its state of uniform motion in a
straight line, unless it is compelled by some external force to change its state. It
cannot be exemplified because it is, practically, impossible to get rid of the forces
acting on a body.

Newton’s Second Law of Motion

It states, “The rate of change of momentum is directly proportional to the impressed
force and takes place, in the same direction in which the force acts.” This law enables
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us to measure a force, and establishes the fundamental equation of dynamics. Now
consider a body moving in a straight line. Let its velocity be changed while moving.

Let m = Mass of a body,
u = Initial velocity of the body,
v = Final velocity of the body,
a = Constant acceleration,
t = Time, in seconds required to change the velocity from u to v, and
F = Force required to change velocity from u to v in t seconds.
= Initial momentum = mu
and final momentum = mv

=~ Rate of change of momentum

my—mnue miv—u)

=

—
=
—
.,

{ {

According to Newton’s Second Law of Motion, the rate of change of momentum is
directly proportional to the impressed force.

F « ma = kma

Where k is a constant of proportionality. For the sake of convenience, the unit of
force adopted is such that it produces unit acceleration to a unit mass.

F = ma = Mass X Acceleration.

In S.I. system of units; the unit of force is called Newton briefly written as N. A
Newton may be defined as the force while acting upon a mass of 1 kg, produces an
acceleration of 1 m/s” in the direction of which it acts. It is also called the Law of
dynamics and consists of the following two parts:

1. A body can posses acceleration only when some force is applied on it. Or in other
words, if no force is applied on the body, then there will be no acceleration, and the
body will continue to move with the existing uniform velocity.

2. The force applied on a body is proportional to the product of the mass of the body
and the acceleration produced in it.

It will be interesting to know that first part of the above law appears to be an
extension of the First Law of Motion. However, the second part is independent of the
First Law of Motion.
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Newton’s Third Law of Motion

It states, “If a rigid body is acted upon by a system of forces, this system may be
reduced to a single resultant

A simple machine may be defined as a device, which enables us to do some useful
work at some point or to overcome some resistance, when an effort or force is
applied to it, at some other convenient point.

D’Alembert’s Principle

It states, “If a rigid body is acted upon by a system of forces, this system may be
reduced to a single resultant force whose magnitude, direction and the line of action
may be found out by the methods of graphic statics.”

We have already discussed in art. 24.6, that force acting on a body.
P =ma (1)
where m = mass of the body, and
a = Acceleration of the body.
The equation (i) may also be written as :
P-ma=0 ..(11)

It may be noted that equation (i) is the equation of dynamics whereas the equation (i)
is the equation of statics. The equation (ii) is also known as the equation of dynamic
equilibrium under the action of the real force P. This principle is known as D'
Alembert’s principle.

Example 24.17. Two bodies A and B of mass 80 kg and 20 kg are connected by a thread and
maove along a rough Horizontal plane under the action of a force 400 N applied to the first body of
mass 80 kg as shown in Fig. 24.2.

A

400 N 4—;'-w 20 k;_;_ _p; 20 kg

Fig. 24.2.

The coefficient of friction between the sliding surfaces of the bodies and the plane is 0.3
Determine the acceleration of the two bodies and the tension in the thread, using D' Alembert’s
principle.
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Solution. Given : Mass of body A (m ) = 80 kg ; Mass of the body B (m,) = 20 kg; Force
applied on first body (P) =400 N and coefficient of friction (i) =0.3

Acceleration of the two bodies
Let a = Acceleration of the bodies, and

T =Tension in the thread.

80 ke 20 kg

{a) Body A (k) BadvB
Fig. 24.3.

First of all, consider the body A. The forces actifig on it are

1. 400 N force (acting towards left)

Mass of the body = 80 kg (acting downwards}

Reaction R, = 80 x 9.8 = 784 N (acting upwﬁds}

Foree of friction, F =uR = 0.3 % 784.2235,2'N (acting fowards right)

Lh = w2

Tension in the thread =T (acting tavardssight).
Resultant horizontal force,
P, 20~ = F, =400~ T~ 2352
= 1648~ T (acting towards left)
We know that force causing acceleration te'the body A
=mu=380a
and according to D' Alembert’s principle (P, —ma = ()
1648 - T-80a=A0
or T=1645 —80u B}
Now consider the body B. The forces acting on it are :

1. Tension in the thread = T (acting towards leit)

2

Mass of the body = 20 kg (acting downwards)
Reaction’'R, = 20 x 9.8 = 196 N {acting upwards)
Force of friction, F, = pR, =0.3 x 196 = 58.8 N (acting towards right)

4= L

Resulting horizontal force,
P,=T-F,=T-588

We know that force causing acceleration to the body B
=mu=20ua

98


DELL
New Stamp


and according to [2" Alembert’s prineiple (P, —m,a =0)
(T-58.8)-20a=0
or T=588+20a «ofTF)
Now equating the two values of 7T from equation (i) and (i7),
164.8 —80a =588 +20a
1002 = 106

106

or g= m = .06 m/s~ Ans.

Tension in the thread
Substituting the value of a4 in equation (i),
T=588+(20x 1.06) =80N Ans

Law of a Machine
may be defined as relationship between the effort applied and - the load lifted. Thus

for any machine, if we record the various efforts required to raise the corresponding
loads, and plot a graph between effort and load, we shall get a straight line.

» The centre of area of plane figures (like triangle, quadrilateral, circle etc.) is known
as centroid.

» The method of finding out the centroid of a figure is the same as that of finding out
the centre of gravity of a body.

Moment Of Inertia of a Rectangular Section

Consider
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4.2 Moment of Inertia

» Whenever one of the body moves or tends to move tangentially with respect to the
surface, on which it rests, the interlocking property of the projecting particles
opposes the motion.

» This opposing force, which acts in the opposite direction of the movement of the
body, is called force of friction or simply friction.

It is of the following two types:
1. Static friction. 2. Dynamic friction.
Polygon Law of Forces

¢) Static Friction: It is the friction experienced by a body when it is at rest. Or in
other words, it is the friction when the body tends to move..

d) Dynamic Friction: It 1s the friction experienced by a body when it is in motion. It
is also called kinetic friction.
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